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J The theory of hot-carrier quantum transport in semiconduc-
tors has a long history and reached a high level of
sophistication

What is the quantity of main interest? The current density.

But what about quantum diffusion?  The idea of diffusion has
an even longer history. It dates back to Fourier and Laplace.

Quantum diffusion is well established in the study of atomic
migration in solids (tunneling)
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The Einstein relation does not help under nonequilibrium
conditions. A unified theory of quantum transport and
guantum diffusion in semiconductors is needed.




One-band theory: carrier drift

J Starting point: Fokker-Planck equation for the probabilit y

density
sP(r —ro|s) =46(r —ro) + ’Uz(S)iP(’f’ — 10 | 8) + D.»(3) 7 P(r —ro | s)
Oz D22
where the transport coefficients
2 v, (8)

v, (s) = —52Z1(s), D..(s) = %zz(s) _

are calculated from the moments

Zn(s) = /d3'r(z — 20)"P(r — 19 | 8)

The main quantity is the probability propagator P.




One-band theory: carrier drift

J The quantum mechanics comes in by identifying the
probability P with a second-quantized expectation value. [E. K.
Kudinov, Y. A. Firsov Sov. Phys. JETP 22, 603 (1966)]

o o)

nTzlan (8) — / —st { —BHgn <0 | amzeth/ha;quamge_th/hal” | 0>}
0

All transport coefficients are simultaneously derived from the moments:

Z,(s) =" —P(k E'yk|8) |xk=0=1" Y Pn(k,k"| s)

That'’s all! What remains are technical manipulations.




One-band theory: carrier drift

For the drift velocity, we obtain the final result:

v2(8) =) vewr(k,s)f(k,s)
k

with the quantum-kinetic Eq. for the distribution function:

F(k,s) = SZ PO(k”ak | 8), [3+ %Vk] F(k,s) = 3"‘2 f(k’,S)W(k’,k: | s)
k’ Kk’

and an effective spectral drift velocity:

Vorr (K, 8) = vz (k) —i Y Wa(k, k' | s)

kl

Describe quantum transport via extended and localized states at the
same footing.

i




One-band theory: guantum diffusion

The diffusion coefficient is calculated by the very same procedure:

D.(s) = Y vk, $)p (ks 8) — o 3 f(ks ) Wa(k, K | 5)
k

k,k’

The main quantity cannot be a scalar distribution function (rather

@ ~ V,..f(k,k,t)|.=0). The "quantum-Boltzmann" Eq. for diffusion
phenomena is given by:

[s 2 8?c] Pk ) = 32 (K W (KK | 9) + (07 (4:)

— > ver(K,8)f(K',s) —i) f(K,s)Wi(K, K| s)




One-band theory: limiting cases

J Low field regime:

o =Y 0. (k) F D (K), DD = v (k)o@ k), FP (k) = eEo® (k) /kpT
k k

The Einstein relation 4 = eD,,/kgT is recovered (with p = vV / E).

J Wannier-Stark regime:

v === 3 [ek.) — e(KL)] FRIW (K k) + ...
1 1

Dzz — =
2 (eE)?

> le(kz) — e(R)PPfF (K YW (K, k) + ...

k,k’

Carriers execute Bloch oscillations, transport only due to inelastic
scattering, negative differential conductivity.
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One-band theory: hopping picture

J Switching back to the real space by an exact transformation:

va= > > (md)n(kK)Wen (kL ki)

kJ_,k’J_ M =—00

1 -~ — 0
D..=3 Y > (mad)?n(kL )W (KL, kL)

kJ_,k’J_ m=—0o0

This is the hopping picture of transport, lateral distribution function:

> Y nk)Wrg (kL k) =0, Y n(ki) =1

—_ ’
m_ook;J_ k|

The field-dependent scattering probability W satisfies a nonlinear
integral Eg. (intra-collisional field effects, electro-phonon resonances).
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One-band theory: ultra-guantum limit

Under the condition e EdT /h >> 1, hopping is restricted to
nearest neighbors. Principle of detailed balance:

eEd + (k') — €(kJ_))
kT

WOL(K, kL) /WO kL, K, ) = exp (

A "generalized Einstein relation" applies to this high-field regime:

v.d eFEd eD.,. tanh(eEd/2kgT)
coth . =
ZkBT kBT eEd/ZkBT

Dzz —

This simple result was confirmed by ensemble Monte Carlo
simulations of hopping transport. [M. Rosini, L. Reggiani, Phys.
Rev. B 72, 195304 (2005)].
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Two-band theory: basic equations

The main quantity is the conditional probability P,/ (r — rg|t) to find an
electron at a given time ¢ and lattice site r in the vth band, provided it
occupied rg, v/ at an earliertime t = 0.

0
sP,,/(r—ro|s) =0,.,:0(r —7r0) + Z %PV“(T — 7o | S)vuur(s)
w

82
+ Z @Puu(r — To | S)Duu’(s) + Z PVM(T — To | S)wlﬂ/' (8)
w

©

The probability propagator is given by the vacuum expectation value:

oo
P21o3(s) = = / e *'Tr ph{e—ﬁﬂph<0|aQQe%HtaL4aa36—%Htai,l|0>}
0)

Procedure: formal solution of the equation of motion — calculate
moments and transport coefficients.
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Two-band theory: kinetic equations

The carrier distribution function of the multiband system is defined by:

ik, s) =35> > OPW (K, E|s)
k/

| 74

and satisfies the quantum-kinetic equation:

ekl 7 Ve
{s+ it Ll () - o0 (8] }f,, (k, 5)
+1eB - |Quv (k) £ (k, 8) — Qui (k) £ (K, 5)

M
— S(svv’ —|— Z Z fﬁ, (I{il, S)WIT,:U’ (kl, k, | S)

ki p,p’

It is a generalization of the Boltzmann Eq. (intra-collisional field effects)
and is also obtained by an alternative microscopic approach.
[V.V. Bryksin et al. Sov. Phys. Solid State 22, 1796 (1980)]. &




Two-band theory: drift velocity

The theory for the drift velocity is able to cope with transport via
extended and localized states:

va(s) =~ S S0 (k| )£ (ks )

bkvv’

The effective drift-velocity tensor has diagonal and off-diagonal
elements (tunneling):

02 (k| 8) = vy (B)8urr — S Qe (k) — i3S OWEH (e, K | 5)

h
k’

Included is transport due to intersubband tunneling (Zener resonance).
The approach can be used to treat population inversion and gain in
guantum-cascade lasers. &




Two-band theory: diffusion coefficient

The basic result for D .(s) is derived by applying the very same
procedure.

D (s) =—sz "l et (ke — ——3 3 £ (k| s>§j<2>w"“(kk | %)
2Ny

kE v,/ kE v,u’/

The "quantum Boltzmann" Eq. for go,'j' has the form:

{s+— Vi 4 [ey,(k)—ey(k)]}¢5’(k|s)
+-eE - Z[Quu (k) @, (k| 8) — Quryy (k) i (K | )]

=3 > el (R | )WL (R, K | 9)

ki p,p’

3N (R | s)ul Y (k1 K| 8) — va(8)8,,

ki p,p’




Two-band theory: application

We treat a biased superlattice with two minibands in the high-field
regime. Integration by parts:

i Do

v(k) = v (s) 4 ,U(t)

(s)

The drift velocity decomposes into a semiclassical scattering v, and

guantum-mechanical tunneling ”c(z) contribution:

P I I ILACELACOL AL

k,k’ v,v’

0f) = e 303 £ (0 Qur () lewr (k) — e ()]

kE v,v’/

The tunneling current is espressed by the off-diagonal elements of the
density matrix. &




Two-band theory: application

A similar decomposition applies to the diffusion coefficient:

ey (k) = DY + D{)

Bk

AN, b

D depends on the difference of subband drift velocities, which
changes its sign as a function of £ and the superlattice
parameters. — Zener antiresonance possible in D).

[At the tunneling resonance, the subband states are strongly
mixed — there is no additional spreading due to different
subband velocities — Minimum.]




Two-band theory: application

D...
00 2I0 4I0 | GIO 8I0 100
E. [kV/cm]

The dimensionless drift velocity o, = v, /(2d /) (thin solid line) and longitudinal diffusion coefficient d2 D, /7 = D,
(thick solid line) as a function of the electric field E . The dashed line shows the scattering induced contributions v ;3) and D ,Sj;) :
which coalesce in this representation. The positions of tunneling resonances are indicated by vertical dotted lines. Parameters
used in the calculationare: T' = 4K, 71 = 0.1 ps, 72 = 0.05ps, 721 = 2ps, T = 1 ps,andd = 20 nm,

eg = 100 meV, A1 = 5meV, Az = 20meV, (Q12/d)? = 0.1.
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There Is a striking imbalance between studies of qguantum
transport (carrier drift) and quantum diffusion in
semiconductors.

The Einstein relation is not applicable under nonequilibri um
conditions.

There Is a need to treat quantum diffusion in semiconductors

We presented a rigorous theory of both transport coefficient S
that is applicable to transport both via extended and locali zed
states as well as to the hopping regime.

To my knowledge: Our general results for the transport
coefficients (beyond the Boltzmann approach) are not
appreciated by the transport community.




Thank you for
your attention
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