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What we want to do

C'*+P—surface diffeo with positive topological entropy
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What we want to do

C'*+P—surface diffeo with positive topological entropy
Construct a countable Markov partition

Define generalized pseudo-orbits (gpos)......
...... so that can apply Bowen’s method for constructing MP
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What the definition of gpos must satisfy:

@ nearest neighbor conditions
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Q Inverse problem: Suppose a p.o. (vk)kez shadows the
orbit of x. *
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What the definition of gpos must satisfy:

@ nearest neighbor conditions
@ Every gpo “shadows" a real orbit
© Countable alphabet suffices

Q Inverse problem: Suppose a p.o. (vk)kez shadows the
orbit of x. Then we can “read” vx from x “approximately”. *
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential

Diagonalizing the diffeomorphism

Today: describe a definition which works.
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential

Diagonalizing the diffeomorphism

Today: describe a definition which works.
Preparations
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential

Diagonalizing the diffeomorphism

Today: describe a definition which works.
Preparations—Review of Pesin Theory
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Pesin charts

Setup: f : M — Mis a C'*P surface diffeomorphism with positive entropy
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Pesin charts

Setup: f : M — Mis a C'*P surface diffeomorphism with positive entropy

Theorem (Pesin)

“Almost every" x has a neighborhood with a system of
coordinates Vy : [-Q(x), Q(x)]? — M s.t.

f(x) ofo W, :[—Q, Q) — R? ~ linear hyperbolic map

O. Sarig Lecture 2: Generalized Pseudo-Orbits (gpos)



Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Surface diffeos with hsp(f) > 0 are non-uniformly
hyperbolic

Fix 0 < x < hip(f) (as small as you wish)
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Surface diffeos with hsp(f) > 0 are non-uniformly
hyperbolic

Fix 0 < x < hip(f) (as small as you wish)

Theorem (Oseledets Ergodic Theorem, Ruelle Inequality)

The following invariant set NUH, (f) has full measure w.r.t. any
ergodic invariant ju s.t. h,(f) > x:
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Pesin theory

Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Surface diffeos with hsp(f) > 0 are non-uniformly
hyperbolic

Fix 0 < x < hip(f) (as small as you wish)

Theorem (Oseledets Ergodic Theorem, Ruelle Inequality)

The following invariant set NUH, (f) has full measure w.r.t. any

ergodic invariant ju s.t. h,(f) > x: The set of x € M s.t.
TxM = E®(x) & EY(x) where

@ EY/3(x) are one-dimensional
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Diagonalizing the differential
Diagonalizing the diffeomorphism

Surface diffeos with hsp(f) > 0 are non-uniformly
hyperbolic

Fix 0 < x < hip(f) (as small as you wish)

Theorem (Oseledets Ergodic Theorem, Ruelle Inequality)

The following invariant set NUH, (f) has full measure w.r.t. any

ergodic invariant ju s.t. h,(f) > x: The set of x € M s.t.
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Q lim Llog||dflv|imx) < —x on ES(x)\ {0}
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Pesin theory

Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Surface diffeos with hsp(f) > 0 are non-uniformly
hyperbolic

Fix 0 < x < hip(f) (as small as you wish)

Theorem (Oseledets Ergodic Theorem, Ruelle Inequality)

The following invariant set NUH, (f) has full measure w.r.t. any

ergodic invariant ju s.t. h,(f) > x: The set of x € M s.t.
TxM = E®(x) & EY(x) where

@ EY/3(x) are one-dimensional

Q lim Llog||dflv|imx) < —x on ES(x)\ {0}

o lim Llog [|dfy "v]|¢-nx) < —x 0N EY(x) \ {0}
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Surface diffeos with hsp(f) > 0 are non-uniformly
hyperbolic

Fix 0 < x < hip(f) (as small as you wish)

Theorem (Oseledets Ergodic Theorem, Ruelle Inequality)

The following invariant set NUH, (f) has full measure w.r.t. any
ergodic invariant ju s.t. h,(f) > x: The set of x € M s.t.
TxM = E®(x) & EY(x) where

@ EY/3(x) are one-dimensional
Q lim Llog [|dfyvlimxy < —x on ES(x)\ {0}

o lim Llog [|dfy "v]|¢-nx) < —x 0N EY(x) \ {0}
Q lim Llog|£(ES(f"(x)), EY(f"(x)))| = 0
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Surface diffeos with hsp(f) > 0 are non-uniformly
hyperbolic

Fix 0 < x < hip(f) (as small as you wish)

Theorem (Oseledets Ergodic Theorem, Ruelle Inequality)

The following invariant set NUH, (f) has full measure w.r.t. any
ergodic invariant ju s.t. h,(f) > x: The set of x € M s.t.

TxM = E®(x) & EY(x) where

@ EY/3(x) are one-dimensional

@ lim Llog |dffv]me) < —x on ES(x) \ {0}

@ lim Llog |af"v]ls-n( < —x on E¥(x)\ {0}

@ lim Flog |L(ES(f"(x)), E*(f"(x)))| = O

Q@ dfEY/5(x) = EY/°(f(x))
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential

Diagonalizing the diffeomorphism

Diagonalizing the differential of : TM — TM
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Diagonalizing the differential

Choose unit vectors e®(x) € E®(x), e¥(x) € EY(x) and scalars

s(x), u(x) > v2

Oseledets-Pesin transformation

Linear C(x) : R? — T,M which maps the standard basis
(e, &%) to (s(x)"e%(x), u(x)""e"(x))
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Diagonalizing the differential
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Diagonalizing the differential

E"G
ES(X )

C6o
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Diagonalizing the differential

E“ (X) EM(HX))

Jf’ E’God)

o)
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Diagonalizing the differential

40 : E (5)
E &) s
J‘ * E G‘(x))

«:o
69 CGon’
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Diagonalizing the differential

E&/ i E ()
E ) .
E Gon
1 x i

-f(x)
Gea)”

G

R" K
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Diagonalizing the differential

Choice of s(x), u(x)

There is a choice of s(x), u(x) s.t. ||C(x)| <1 and

C(f(x)) " df C(x) = ( A(OX) M(OX) )

where |\(x)| < e™X, |u(x)| > eX are bounded away from 0, co
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Diagonalizing the differential

Choice of s(x), u(x)

There is a choice of s(x), u(x) s.t. ||C(x)| <1 and

C(f(x)) " df C(x) = ( A(OX) M(OX) )

where |\(x)| < e™X, |u(x)| > eX are bounded away from 0, co
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Diagonalizing the differential

s(x) = V2 (1 + i e2”><|ydfx"e5(x)\|2> :

n=1

u(x) == v2 (1 + i e2”X|yde"e“(x)||2> ‘

n=1
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential

Diagonalizing the diffeomorphism

Diagonalizingthe map f: M — M
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Reminder: the exponential map
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential

Diagonalizing the diffeomorphism
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

@ 0 < x < hiop(f) (“hyperbolicity bound")
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential

Diagonalizing the diffeomorphism

@ 0 < x < hiop(f) (“hyperbolicity bound")
@ 0 < e < x (“closeness bound")
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Pesin charts
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Pesin charts

Wy 1 R2 = M, Wy : ($) - exp, [C(x) (6)]

o W yofoW,:R? - R
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Pesin charts

Wy 1 R2 = M, Wy : ($) - exp, [C(x) (6)]

o W yofoW,:R? - R

e0~0
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Pesin charts

Wy 1 R2 = M, Wy : ($) - exp, [C(x) (6)]

o W yofoW,:R? - R
e0~0

e Derivative at the origin:C(f(x))~ o dfy o C(x) = < 8\ 2 )
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Pesin charts

Wy 1 R2 = M, Wy : ($) - exp, [C(x) (6)]

o W yofoW,:R? - R

e0~0

N L 1 A0
@ Derivative at the origin:C(f(x))™" o dfx o C(x) = 0 o
@ So lllf‘(j() o fo W, ~linear hyperbolic map near the origin
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Pesin charts

f: M — Misa C'"P surface diffeomorphism

Theorem (Pesin)

Every x € NUH, (f) has a neighborhood with a system of
coordinates Vy : [-Q(x), Q(x)]? — M s.t.

f(X) ofoW, : [-Q, Q2 — R2 ~ uniformly hyperbolic linear map

. B
~ means e—close in C'*2
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Pesin charts

f: M — Misa C'"P surface diffeomorphism

Theorem (Pesin)

Every x € NUH, (f) has a neighborhood with a system of
coordinates Vy : [-Q(x), Q(x)]? — M s.t.

f(X) ofoW, : [-Q, Q2 — R2 ~ uniformly hyperbolic linear map

. B
~ means e—close in C'*2

@ VU, is called a Pesin chart
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

Pesin charts

f: M — Misa C'"P surface diffeomorphism

Theorem (Pesin)

Every x € NUH, (f) has a neighborhood with a system of
coordinates Vy : [-Q(x), Q(x)]? — M s.t.

f(X) ofoW, : [-Q, Q2 — R2 ~ uniformly hyperbolic linear map

. B
~ means e—close in C'*2

@ VU, is called a Pesin chart
@ Q(x) is called the size of the chart
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

The size of the chart

fis "7

The size of the chart

-
n

|

u(x)? + s(x)?
| sin a(x)|

Q(x) = /8
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

The size of the chart

fis "7

The size of the chart
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

The size of the chart

fis "7

The size of the chart

Q(x) = /° ( u(x)? + S(X)2> -

| sin a(x)|

© a(x) = £(E*(x), E¥(x))

1

° s(x) =2 (1 + i‘f eZ”X||df;’eS(x)H2)2

n=1
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

The size of the chart

fis "7

The size of the chart

Q(x) = /° ( u(x)? + S(X)2> -

| sin a(x)|

© a(x) = £(E*(x), E¥(x))

@ s(x)=+2 (1 .S eZ”X||df;’eS(x)H2)2
n=1

° u(x)=+v2 (1 + ni eZ”Xde;”e“(x)\2> ?

O. Sarig Lecture 2: Generalized Pseudo-Orbits (gpos)



Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

The size of the chart

fis 47

The size of the chart

&£

u(x)? + s(x)?
| sin a(x)|

Q(x) = /7
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

The size of the chart

fis 47

The size of the chart

&£

u(x)? + s(x)?
| sin a(x)|

Q(x) = /7
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

The size of the chart

fis C1+9
The size of the chart
_12
u(x2+s(x)?\ °

Qx) = &7 sina(x)|

Theorem (Pesin)

Llog Q(f"(x)) —— 0 a.e. w.r.t. any ergodic invariant
n—+oo
measure with entropy > x.

A\
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fis C1+9
The size of the chart
_12
u(x2+s(x)?\ °

Qx) = &7 sina(x)|

Theorem (Pesin)

Llog Q(f"(x)) —— 0 a.e. w.r.t. any ergodic invariant
n—+oo
measure with entropy > x.
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

The size of the chart

fis 47

The size of the chart

12

Q(x) = /8 ( U(X_)2 + s(x)2> B

| sin a(x)|

Theorem (Pesin)

Llog Q(f"(x)) — 0 a.e. w.r.t. any ergodic invariant

measure with entropy > x.

Corollary (Pesin’s Temperdness Lemma)

Q(x) > q(x) where e i€ < Q(f((X))) < eie
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

A silly modification

-
n

|

u(x)? + s(x)?
| sin a(x)|

Q(x) = /7
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Pesin theory Non-uniform hyperbolicity
Diagonalizing the differential
Diagonalizing the diffeomorphism

A silly modification

Qx) = | 8 ( u(x)? + s(x)2>B cl

| sin a(x)]

where |Q|.:=max{qge l:g<Q}and | = {e*%“ 0 >1}
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits

Meaning

The definition of “generalized pseudo-orbits"
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Basic idea

exact

(Xi)icz s.t. for all i
Orbits Xiy1 = f(X,‘)
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Basic idea

exact pseudo

(Xi)iez s.t. forall i | (X;)jez s.t. forall i
Orbits Xiy1 = f(X,‘) Xip1 =~ f(X,')
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Basic idea

exact pseudo

(Xi)iez s.t. forall i | (x)iez s.t. forall i
Orbits X/+1:f(X/) X1 ~ f(X,')

(Wx,)icz s.t. forall i
Sequence of charts Vi = Yi(x)
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Basic idea

exact pseudo

(Xi)iez s.t. foralli | (X;)jez s.t. forall i
Orbits Xit1 = f(X;) Xit1 ~ f(X;)

(Wy)iez st forall i | (Wy)iez s.t. forall i
Sequence of charts Vi = Vi) Vi ~ Vix)
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Defining ¥ ~ WV, (intuitive)

Wy : [—Q(x), O(x)]2 — Mis a Pesin chart, Q(x) =size

@ Notation: V% denotes Wy : [-p.p]°> = M (0 < p < Q(x))
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Defining ¥ ~ WV, (intuitive)

Wy : [-Q(x), Q(x)]> — Mis a Pesin chart, Q(x) =size
@ Notation: V% denotes Wy : [-p.p]°> = M (0 < p < Q(x))

o V) ~ v (e—overlap): Intuitive definition
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Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Defining ¥ ~ WV, (intuitive)

Wy : [-Q(x), Q(x)]> — Mis a Pesin chart, Q(x) =size
@ Notation: V% denotes Wy : [-p.p]°> = M (0 < p < Q(x))

o V) ~ v (e—overlap): Intuitive definition
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Defining ¥ ~ WV, (intuitive)

Wy 1 [~Q(x), QX)]2 — Mis a Pesin chart, Q(x) =size
@ Notation: V% denotes Wy : [-p.p]°> = M (0 < p < Q(x))
o V) ~ v (e—overlap): Intuitive definition
o Vy([-p.pl?) = Vy([-q,ql?)
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Defining ¥ ~ WV, (intuitive)

Wy : [—Q(x), O(x)]2 — Mis a Pesin chart, Q(x) =size
@ Notation: V% denotes Wy : [-p.p]°> = M (0 < p < Q(x))
o V) ~ v (e—overlap): Intuitive definition

o Vy([-p.pl?) = Vy([-q,ql?)
o VUy'o v, ~ Id
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Defining ¥ ~ WV, (intuitive)

Wy : [—Q(x), O(x)]2 — Mis a Pesin chart, Q(x) =size
@ Notation: V% denotes Wy : [-p.p]°> = M (0 < p < Q(x))
o V) ~ v (e—overlap): Intuitive definition

o Vy([-p.pl?) = Vy([-q,ql?)
o VUy'o v, ~ Id
° \IJ;1 oV, ~ Id
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Defining ¥ ~ WV, (intuitive)

Wy : [—Q(x), O(x)]2 — Mis a Pesin chart, Q(x) =size
@ Notation: V% denotes Wy : [-p.p]°> = M (0 < p < Q(x))
o V) ~ v (e—overlap): Intuitive definition

o Vy([-p.pl?) = Vy([-q,ql?)
° lll;1 oW, ~ Id
° \IJ;1 oV, ~ Id
e measures the quality of approximation.
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Defining V¥ ~ V¥, (formal definition)

< V] (c—overlap)
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Defining V¥ ~ V¥, (formal definition)

WP ~ WY (e—overlap)

Gbe*€<§<e6
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Defining V¥ ~ V¥, (formal definition)

WP ~ WY (e—overlap)

Gbe*€<§<e6

@ Similar charted areas: V(e - [-p, p]?) C ¥, ([-q, q]?)
vy (e 2 [-q,q%) C Vx([-p, pI?)
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Defining V¥ ~ V¥, (formal definition)

WP ~ WY (e—overlap)

Gbe*€<§<e6

@ Similar charted areas: V, (e 2 - [-p, p|?) C ¥, ([—q, q]?)
Yy (e > - [-q.q%) C Vx([-p, PP

© Similar chart maps: V;'o W, V! o W, are ep?g?—close
! P ys ¥y
to id in C'*z.

Designed to achieve:

If \U}‘Z ~ wﬁ(x), then \U;1 o f o Wy & linear hyperbolic map where

. . 8
~ is e—closeness in C'*3.
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Generalized pseudo-orbits

WP denotes Wy : [—p, p]° — M (0 < p < Q(x))

Double charts V27" := (WE" WP"), where 0 < p¥, ps < Q(x),
pY,ps € IE:{e*Ek:éz 1}.
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Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Generalized pseudo-orbits

WP denotes Wy : [—p, p]° — M (0 < p < Q(x))
Symbols

Double charts V27" := (WE" WP"), where 0 < p¥, ps < Q(x),
pY,pf el = {e*§€€.€2 1}.

Nearest neighbor conditions

U S u ~S ,
v wl i
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Double charts V27" := (WE" WP"), where 0 < p¥, ps < Q(x),
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A |
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Meaning

Generalized pseudo-orbits

WP denotes Wy : [—p, p]° — M (0 < p < Q(x))
Symbols

Double charts V27" := (WE" WP"), where 0 < p¥, ps < Q(x),
pY,pf el = {e*§€€.€2 1}.

Nearest neighbor conditions
A |

UApS € U A pS
o Wq /\q ~ \Uq /\q and W? 1\8/) ~ W’; P where (a A b := min{a, b})

Q ¢ =mm{e&p”7 Qy)} (=)
Q p° = min{e‘q®, Q(x)} (<)
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Generalized pseudo-orbits

Generalized pseudo-orbits

U ps U ps oY . .ps .
(WY icn st W P 5 WP for all i € Z.
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Generalized pseudo-orbits

Generalized pseudo-orbits

U ps U ps u - ps .
(WP g st WP \Uf}i} " forall i € Z.

Shadows a real orbit {f'(x)}cz, if
f1(x) € Wy ([-Q(x;), Q(x)]?) for all i € Z.
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Meaning

Existence of gpos

When are there p{, g s.t. {\U‘fj,if)"s},-ez is a gpo?
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Meaning

Existence of gpos

(Queston
When are there p{, g s.t. {\U‘fj,if)"s},-ez is a gpo?

° 0 < p’® < Q(fi(x))
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Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Existence of gpos

e

When are there p{, g s.t. {\U‘fj,if)"s},-ez is a gpo?

° 0 < p’® < Q(fi(x))
o pt,, = min{erpY, Q' (x))}
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Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Existence of gpos

e

When are there p{, g s.t. {\U‘fj,if)"s},-ez is a gpo?

° 0 < p’® < Q(fi(x))

® pf\; = min{e‘p!, Q(f"*(x))}
® p; 4 =min{ep, Q(f"~" (x))}
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Existence of gpos

e

When are there p{, g s.t. {\U‘fj,if)"s},-ez is a gpo?

° 0 < p’® < Q(fi(x))

® pf\; = min{e‘p!, Q(f"*(x))}
® p; 4 =min{ep, Q(f"~" (x))}

Answer

Whenever 1 log Qn(x) — 0.

|n|—o0
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Meaning

Existence of gpos

Pesin’s Temperdness Lemma: % log Q(f"(x)) — 0 a.e. for every ergodic pu s.t. hy, (f) > x

n—

Pesin Temperdness Lemma

There is a function 0 < g < Qon {x: 1log Qo " — 0} s.t.

e‘5<q—Of<eE
q
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Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

Existence of gpos

Pesin’s Temperdness Lemma: Iog Q(f"(x)) — 0 a.e. for every ergodic pu s.t. hy, (f) > x

Pesin Temperdness Lemma

There is a function 0 < g < Qon {x: 1log Qo " — 0} s.t.

e‘5<q—Of<eE
q

Q pf:=max{t e I : Q(f*k(x)) > ekt for all k > 0}
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Meaning

Existence of gpos

Pesin’s Temperdness Lemma: Iog Q(f"(x)) — 0 a.e. for every ergodic pu s.t. hy, (f) > x

Pesin Temperdness Lemma

There is a function 0 < g < Qon {x: 1log Qo " — 0} s.t.

gof

Q pf:=max{t e I : Q(f*k(x)) > ekt for all k > 0}
Q p!:=max{t e I : Q(f*(x)) > e ¥t for all k > 0}
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What the nearest neighbor conditions mean

If WP w9 then

f,"of.q,x
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e—overlap
Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

What the nearest neighbor conditions mean

If WP w9 then
Wl o fowm Wil ofowy~ 2 O
(*] y oloWyx f(x)o oWy ~

where |\| < e7X, |u| > eX.
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Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

What the nearest neighbor conditions mean

If WP w9 then

@ g'=min{ep’, Q(y)} < e‘p! < expansion x p“
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Definition of generalized pseudo orbits Generalized pseudo-orbits
Meaning

What the nearest neighbor conditions mean

If WP w9 then

v & v Y
4

'» g
’U‘q B Py
o/

A AT A
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Definition of generalized pseudo orbits Generalized pseudo-orbits

Meaning

Graph transform

O. Sarig Lecture 2: Generalized Pseudo-Orbits (gpos)



Unstable manifolds

Graph transform
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Unstable manifolds

Graph transform
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Graph transform
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Unstable manifolds

Graph transform
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Unstable manifolds

Application: Pesin’s Unstable Manifold Theorem
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Unstable manifolds

The unstable manifold of a gpo

py.p? :
{Wy ™ }iez is agpo

] 7
<
v
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Unstable manifolds

The unstable manifold of a gpo

py.p? :
{Wy ™ }iez is agpo
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Unstable manifolds

The unstable manifold of a gpo

py.p? :
{Wy ™ }iez is agpo

Voo S AN

¥

v
-
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Unstable manifolds

The unstable manifold of a gpo

py.p? :
{Wy ™ }iez is agpo

v
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The unstable manifold of a gpo

py.p? :
{Wy ™ }iez is agpo
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Unstable manifolds

The unstable manifold of a gpo

oy P} .
{W " iz isagpo

Unstable manifold of a gpo

The following limit exists:

VY{WE P }icobizol = Jim Fy[VE,]

. " . U’ S
for some (any) choice of “u—-manifolds" V¥, in Wi™Pn.
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Unstable manifolds

“Staying in windows”

Corollary: VU[{w¥ "] is a local unstable manifold
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Unstable manifolds

“Staying in windows”

Corollary: VU[{w¥ "] is a local unstable manifold
@ itis tangent to EY
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Unstable manifolds

“Staying in windows”

Corollary: VU[{w¥ "] is a local unstable manifold
@ itis tangent to EY

@ f " contracts exponentially on V“[{\U’j;'u’p’s},-go]
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Unstable manifolds

Pesin’s Unstable Manifold Theorem

Suppose 1 is an ergodic measure with positive entropy for a
C'*P—surface diffeo.

Pesin’s Unstable Manifold Theorem

A.e. x € M lies on a one dimensional manifold V¥(x) s.t.
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Suppose 1 is an ergodic measure with positive entropy for a
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Pesin’s Unstable Manifold Theorem
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Unstable manifolds

Pesin’s Unstable Manifold Theorem

Suppose 1 is an ergodic measure with positive entropy for a
C'*P—surface diffeo.

Pesin’s Unstable Manifold Theorem

A.e. x € M lies on a one dimensional manifold V¥(x) s.t.
@ VY(x)is tangent to EY(-) where defined
@ f" contracts exponentially on V¥(x)
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