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Defining the problem

cadisordered medium
* l[inear equations of motion: all eigenstates are Anderson localized
« add short range nonlinearity (interactions)

 follow the spreading of an initially localized wave packet

Yes because of nonintegrability and ergodicity
Will it delocalize?

No because of energy conservation —
spreading leads to small energy density,
nonlinearity can be neglected,
dynamics becomes integrable, and
Anderson localization is restored



Model 1: The discrete nonlinear Schrodinger Equation

)
Hp = E elvn)® + PLL
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Conserved quantities: energy and norm S = Zl |wl |2

Varying the norm is strictly equivalent to varying 8

Equations model light propagation and cold atom dynamics
In structured media



Model 2: The Klein-Gordon chain
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Conserved quantity: energy only

Equations can be approximately mapped on model 1 for small amplitudes

Advantage:
e test sensitivity to norm conservation
 numerical integration 10 times faster at same precision



Back to model 1: z@/), = e + Bl 2 — i — Uiy
Thelinearcase: B =0 ¥ = Ay exp(—i)\t)
stationary states:  \NA; = ¢ A; — Aj_1 — A1

Normal mode (NM) eigenvectors: Ay,l (Zl Agl — 1)

Eigenvalues: A, € [—2 — %7 2+ %}

Width of EV spectrum: Ap =W + 4

Asymptotic decay: Au,l ~ e /&)
Localization length: £(A\,) < £(0) ~ 100/W*

Localization volume of NM: V >
VIW<4)=3¢ V(W>10)=1 ,./




Equations in normal mode space:
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NM ordering in real space: Xr/ — Zl lAIQ/ [

Characterization of wavepackets in normal mode space:
2 = |oul?/ Zu pul? V=), v2

Second moment: 112 = Zy(l/ — 17)22’;/ »  |ocation of tails

Participation number: P — 1/ ZU 23 = number of strongly excited modes

P2 _|'> K adjacent sites equally excited: C = 12

Compactness index: = —
mao _L> K adjacent sites, every second empty
or equipartition: =3



Frequency scales W=4 .
- Eigenvalue (frequency) spectrum width: A = W +4 8

2 :
* Localization volume of eigenstate: V = 360/W ~18 (sites)

» Average frequency spacing inside
localization volume: d=A/NV 0.43

* Nonlinearity induced frequency shift: 5l — 5|wl‘2

T T3
o Self-Trapping

Three expected evolution regimes:

o
Weak chaos 16 <d _
Strong chaos d<d<2 10 Weak Chaos 3
(partial) self trapping : 2< °
e



DNLS W=4.8=0.0.1.1. 4.5

Results for single site excitations

Y = 011,

KG W=4, E=0, 0.05,0.4, 1.5
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Wavepacket spreads
way beyond localization
volume.
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W=4

Wave packet with 20 sites
Norm density = 1
Random initial phases

Averaging over
1000 realizations
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W=4

Wave packet with 20 sites
Norm density = 1
Random initial phases

Averaging over
1000 realizations
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The emerging picture

Anderson Localization

T T ' T T T3
o Self-Trapping 3

Weak Chaos
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Weak Chaos

SF,Krimer,Skokos (2009)

Shepelyansky and Pikovsky (2008)

Molina (1998)

d=A/V

SF (2010)
Bodyfelt,Lapteva,Krimer,
Skokos,SF (2010)

Strong Chaos

Selftrapping, part of
packet IS spreading

Kopidakis, Komineas,
SF, Aubry (2008)
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In all cases subdiffusive spreading



Explaining subdiffusion? [ |

v

A
- at some time t packet contains 1/n modes: 1/n > P, ‘

2
« each mode on average has norm |¢u| ~n <l

M
* the second moment amountsto M9 ~ 1/n2 4

<P




Heating
* some modes in packet interact resonantly

and therefore evolve chaotic
Simplest assumption: * Probability of resonance: P(Bn)
 all phases decohere after some time scale
* spreading = heating of cold exterior

exterior mode: igﬁu > )\ugbquﬁnB/QP(ﬁn)f(t)
S ) =o(t =)
Dul ~ 87 (P(Bn))*

The momentary diffusion rate of packet equals the
inverse time the exterior mode needs to heat up to
the packet level:

D =1/T ~ 3*n*(P(3n))*



Counting resonances inside the packet:
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1/2
1/2 < /8[1/,1/1,1/2,1/3 (nul nf/gnug) /
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We perform a statistical numerical analysis for the qm-
druplet case. For a given NM v we obtain R, ; =min; R, ;
Collecting R,, ; for many v and many dlbDldEl 1’3‘1112{11',101’15,
we find the probability density distribution W(R,, ; ) (Fig. 9).
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FIG. 9. (Color online) Statistical properties of NMs of the
DNLS model. Probability densities Mz’(Ry’ﬁD) of NMs being reso-
nant (see Sec. IV B for details). Disorder strength W=4,7,10 (from
top to bottom).
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Do you remember? [ = 1/T ~ ﬁQnQ(P(Bn))Q
With mgy ~ 1/n? the diffusion equation my ~ Dt yields

1 f
— ~ (1 —e M2

N2

Mo ~ (,8216)1/2 , strong chaos , Cpn > 1
My ~ 02/354/3t1/3 , weak chaos , C'n <1

Crossover from strong to weak chaos: C'0Bn. ~ 1.86

log,, m,

SF (2010)



Asymptotic regime of weak chaos Krimer,Skokos,Komineas,SF (2009)

We averaged the measured exponent
over 20 realizations: a=0.23

a = 0.33 £ 0.02 (DNLS)
3+ 0.05 (KG)

Strong chaos and crossover to weak chaos | Bodyfelt,Lapteva,Krimer,Skokos,SF (2010)

Averaging over 1000 realizations, taking local derivatives in log-log scales:

DNLS. W=4  KG,W=4

s
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o Self-Trapping 3

-2 1
10 2 4



Generalization to larger dimensions and different nonlinearity powers: SF (2010)

. 2 2 }
iy = ey — Bl T — Z U my ~ (§°t)2%eD | strong chaos

1
meD(1) mey ~ (3*%) D | weak chaos

We also find that the number of surface resonances will grow

1
D>D.=———,0<2.
l—0c/2°
Numerical evaluation for KG, D=1, W=4, single site excitations: Skokos,SF (2010)
Il I‘NIudelphasilmgl | l"'l'Illl|wlx.ll|llwllxl
1.0 4 Dephasing 6L A J Saaaa 4L i

selftrapping

[

™1

P
et

| L o711
LA

| —— |

f !

Lcun o |-strong chaos i
2 . ". o )
-2 weak chaos ]
4 |
L L 1 1 1 1 | 1 1 | | | | | |

0.0 1.0 2.0 3.0 4.0




Conclusions

Some corrections to the results of a famous writer ...
“Well, in my country,” said Alice, still panting a little, “you would generally get
to somewhere else, if you ran very fast for a long time, as we’ve been doing”.
“A slow sort of country!”, said the queen. “Now here, it takes all the running you
alone can do, to stay in the same place. But with friends, if running together,
and more and more, the more time flows, you will finally get to somewhere else,
no matter how far that place will be. WT!I this game SUBDIFFUSION.”
I
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Open questions, prob

*is there a KAM reqi
* will a spreading pa
* is the spreading wave packet equilibrating inside, if yes, how?

*is the observed spreading Arnold diffusion, or not?

* will the spreading slow down into a kind of Arnold diffusion, or not?
« are the computational results affected by roundoff errors, or not?

* finite systems: how is the KAM threshold scaling with system size?
» characteristics of energy diffusion at finite norm/energy densities ?

e relation to quantum many body localization ?



