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Fluctuation relations

Jarzynski equality, C. Jarzynski, PRL 78, 2690 (1997)

FB

This is a powerful expression (equality!):

1. Since  FA
we have                                    (2nd law)

2. For Gaussian noise (near-equilibrium 

A

fluctuations) one obtains 







Statistics of generated heat and 
work in driven single-electronwork in driven single-electron 

transitions
Proposal: D. V. Averin and J. P. Pekola, arXiv:1105.0416, EPL 96, 67004 (2011).
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Dissipation generated by tunneling in a biased 
junction

= (µ1-E)+(E-µ2) = µ1-µ2 = ∆U

Generated heat Q = ∆U due to relaxation (typically electron-phonon scattering) 



Generated heat in driven single-
electron transitionselectron transitions
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Distribution of heat
Take a normal-metal SEB 
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with a linear gate ramp
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Moments of generated heat
C f f f

 

Central moments from the correlation functions of charge, which 
in turn are obtained from the basic master equation.
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Fluctuation relations in a single-electron boxg

Jarzynski equality

?
Jarzynski equality

?



H, F and W in the SEB

This is the energy minimized in a voltage biased circuitThis is the energy minimized in a voltage biased circuit

SYSTEM
V

SYSTEM
Ech

Ech is the ”bare” charging energy of the capacitors

Free-energy difference between the end points of the gate voltage trajectory



Work done (by the gate)
In general:

For a SEB box:

for the gate sweep 0 -> 1

This is to be compared to:



Evaluation of 

For symmetric

(By similar arguments as Crooks, 1998)

1
! Total sweep time

Ttotal=4.e-9
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! Charging energy

Ec=kb*3.

! Temperature
T=kb*0.05

! Tunnel resistance
RT=1.e5
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Example: Abrupt trajectory

ng

1

Assume long equilibration time before and after

time
0

0 τ

Assume long equilibration time before and after 
the jump:

time



Single-electron box with an arbitrary 
ng: 0 -> 1 gate rampng: 0  1 gate ramp

Jarzynski equality:
The generated heat Q is not always equal to                  :g Q y q

This difference yields for an arbitrary trajectory:



Experiment in a single-electron box
O.-P. Saira, Y. Yoon et al., in preparationO. P. Saira, Y. Yoon et al., in preparation
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Calibrations



Experimental distributions
T = 214 mK

P(
Q

)

Q
)/P

(-Q
)

Q/EC

P(
Q

Measured distributions of Q at three different ramp 
frequencies
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Taking the finite bandwidth of the detector into 
account yields



Measurements of the heat distributions at 
various frequencies and temperaturesq p

symbols: experiment; full lines: theory; dashed lines: 
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Single-electron box with an overheated 
island (predictions)island (predictions)
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Back-and-forth ramp with heating

1

Assume one transition in each legng

0

Assume one transition in each leg
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Maxwell’s demon



Negative heat

Possible to extract heat 
f th b th

0.5  

from the bath
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Provides means to make Maxwell’s demon using SETs



Maxwell’s demon in an SET trap

n

D. Averin, M. Mottonen, J. Pekola, 
arXiv:1108.5435
see also: G Schaller et al PRB (2011)see also: G. Schaller et al., PRB (2011)

”watch and move”

S. Toyabe et al., Nature Physics 2010



Demon strategy
Adiabatic ”informationless” pumping: W = eV per cycleAdiabatic informationless  pumping: W  eV per cycle
Ideal demon: W = 0

n

Energy costs for the 
transitions:

Rate of return (0,1)->(0,0) 
determined by the energy 
”cost” –eV/3. If Γ(-eV/3) << τ-1, 
the demon is ”successful”. 
Here τ-1 is the bandwidth of the Power of the ideal demon:Here τ is the bandwidth of the 
detector. This is easy to satisfy 
using NIS junctions.

Power of the ideal demon:



Temperature fluctuationsTemperature fluctuations



Fluctuation dissipation theorems (FDT)p ( )

Classical noise in equilibrium

Charge current:g

EEnergy current:



Classical temperature fluctuations
Assume that T is equal to the average of TAssume that T0 is equal to the average of T
(equilibrium fluctuations)

C, TC, T

(fluctuation-dissipation theorem)
Gth

(balance equation)T0

(Fourier transform into noise spectra)



Classical temperature fluctuations

C, TC, T

Gth

T0



Example system: electrons in the 
phonon bathphonon bath

electrons

In this grain at T = 100 mK, = (10 mK)2.

phonon bath

In this grain at T  100 mK,                (10 mK) .

Cut-off frequency fc
d t i d b l t

S
T

determined by electron-
phonon relaxation rate, it 
varies in the range 10 kHz –

0.01 0.1 1 10

f / fC

g
10 MHz: suitable for a 
measurement.



Non‐equilibrium temperature 
fluctuationsfluctuations

Set up Result non gaussianSet‐up Result, non‐gaussian 
distributions under T and 
V bias

Heikkilä and Nazarov, PRL 102, 130605 (2009)
Laakso, Heikkilä and Nazarov, PRL 104, 196805 (2010) 



Preliminary measurements
R

Experimental setup
Resonance:
Quality factor:
Optimal bias point: 
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Magnitude response: Phase response:



Summary

Work and heat in driven single-electron transitions 
analyzedanalyzed

Fluctuation relations tested analytically, 
numerically and experimentally

Experiments on an overheated SEB, Maxwell’sExperiments on an overheated SEB, Maxwell s 
demon and temperature fluctuations to be done/in 
progress

Quantum fluctuation relations for superconducting 
systems?



Landau‐Lifshitz, Statistical Physics, Part 2Landau Lifshitz, Statistical Physics, Part 2



LL predictions

Classical:Classical:

Classical:



A tunnel junction as a heat conductor
t

L R

Heat conductance at finite frequencies:

at all frequencies Wiedemann‐Franz law G = 1/Rat all frequencies, Wiedemann‐Franz law, G = 1/RT

According to LL: 

d h l l b l h l b d l lAccording to the scattering calculation, or by tunnel hamiltonian based calculation:

D. Averin and J. Pekola, PRL 104, 220601 (2010), D. Sergi, PRB 83, 033401 (2011), Zhan, 
Denisov and Hänggi, arXivv:1107.3434.



The energy distribution of electrons in a small 
metal conductor

Equilibrium –Thermometer measures the temperature of the bath
Quasi‐equilibrium –Thermometer measures the temperature of the electron system which can be

The distribution is determined by energy relaxation:

Quasi equilibrium Thermometer measures the temperature of the electron system which can be 
different from that of the bath
Non‐equilibrium –There is no temperature to be measured by the electron thermometer

Illustration: diffusive 
normal metal wire
H. Pothier et al. 
PRL 1997



Electron‐electron and electron‐phonon 
relaxationrelaxation

e‐e relaxation drives the 
system towards quasi‐
equilibrium

e p relaxation drivese‐p relaxation drives 
the system towards 
equilibrium
Heat generation



NIS junction as a refrigerator
Cooling power of a 
NIS j ti

Thermometry:
NIS junction:

y

Optimum cooling power is 
reached at V ≅ ∆/e:

Efficiency of a NIS 
junction refrigerator:

M. Leivo et al., 
APL 1996



Full non‐equilibrium (harmonic drive)

Relaxation rate 
towards equilibriumPopulation of n extra

γ+/‐

∆U

towards equilibriumPopulation of n extra 
electrons in the box, pn

fNE(E)f(E‐∆U)

= DOS X Volume of the box
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Numerical simulations and analytic approximation 
for an overheated islandfor an overheated island
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