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   (length L>> radius a) 
• water filled nanopores for desalination 
• water filled nanopores in silicon oxide films 
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Why narrow channels ? 
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Ø  Maximum energy does NOT depend on the number of ions. 
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Free ions enter the channel, increasing the entropy !  
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“Sine-Gordon” quantum mechanics:  

Bare coupling constant (concentration)      



{ }LHeZ ˆ Tr −=
2/1

[ ]02/frac EEq=
2/1−

ε

LUL /
Lqe )(0ε−≈

Transport barrier  =  width of the lowest Bloch band 
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Electric field  is  conserved  
modulo 2E0     

Pressure  =  groundstate energy 
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Ø  Eigenvalues are either real or complex-conjugated pairs 
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Family of complex algebraic curves, parameterized by moduli  u  



No need to know classical trajectory: 
action along any periodic orbit is a  
superposition of two  basic cycles. 
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two turning points. By the Cauchy’s theorem, a deformation of such closed integration

contour does not alter the value of the integral (i.e. the action) as long as the deformed

contour does not touch other branch cuts or singular points. This observation allows

one to avoid finding the actual classical trajectory, substituting it by a proper closed

contours encircling two of the turning points and avoiding singularities. Since there are

three turning points z0,±, it is convenient to choose three contours of integration �0,1,2,

avoiding singular point at z = 0 as shown in Fig. 5. The corresponding action integrals

can be written as S
j

(u) =
H
�

j

�(u), where

�(u) = p(✓) d✓ = p(z)
dz

iz
=

i

z3/2

✓
1

2
z3 +

3

2
uz + 1

◆1/2

dz (12)

is the action 1-form. Since all �
j

wind around the torus, the actions S
j

are the periods

of E(u) with respect to �(u). From the Riemann-Roch theorem [33] one knows that for

a Riemann surface of genus 1 there are exactly two independent closed cycles. Therefore

the three cycles introduced above are not independent. An inspection shows that the

following combination of them �0� �1� �2 is a contractible cycle, not containing any of

the branching points. Therefore after integration S0�S1�S2 = 0. The two fundamental

cycles on the torus, shown in Fig. 4c are given by �0 and �1.

Figure 5: (Color online) Complex z-plane with two branch cuts, shown in gray. (a) Three
integration cycles �0, �1, �2 are displayed for u = 0. (b) The instanton cycle � = ��1 + �2.
The solid (dashed) lines denote parts of the cycles going over the first (second) branch.
Notice that � crosses twice the two cuts from first to second branch and back.

One can also consider the first cohomology group of the torus, comprised of all

holomorphic 1-forms on the Riemann surface modulo exact 1-forms (the latter integrate

to zero for all cycles on the torus by Stokes’ theorem). We then employ de Rham’s

theorem [33], stating that there are exactly as many independent holomorphic 1-forms

to integrate upon the surface as independent cycles to integrate along the surface.
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Singular points in the moduli space, where cuts collide   

Riemann surface dynamics of periodic non-Hermitian Hamiltonians 11

The relations among the C
j0 and C

j1 are not accidental. They originate from the fact

that for u = 0 the turning points are z0,± = 21/3{e⇡i/3, e⇡i, e5⇡i/3} and a substitution

z̃ = e�2⇡i/3z transforms the cycles as �0 ! �1 ! �2 ! �0, Fig. 5. This yields a global

symmetry between the periods:

S0(u) = ei⇡/3S1

�
e�2i⇡/3u

�
= e�i⇡/3S2

�
e2i⇡/3u

�
. (19)

Equations (15)-(18) fully determine the three actions S0,1,2 through hypergeometric

functions. We now relate them to physical observables.

4.2. Semiclassical results

To this end we consider the structure of S
j

(u) in the neighborhood of u = �1. For

u ! �1 the two turning points z± collide, the cycle �0 contracts to a point and therefore

S0(�1) = 0 by Cauchy’s theorem. By contrast, �1,2 and thus S1,2(�1) remain finite.

Moreover, while S0 is analytic near u = �1, it turns out that S1,2 are not. To see this,

choose some u & �1 and allow u to wind around �1 (i.e. (u + 1) ! (u + 1)e2⇡i). The

branch points z± in Fig. 5 are exchanged by this transformation via a counter-clockwise

half-turn; the branch cut in e↵ect rotates by 180�. For �0 this has no e↵ect, the cut

turns within it. Not so for �1,2: if these are never to intersect the branch points, they

are continuously deformed and as a result of this monodromy transformation we obtain

�1,2 ! �1,2± �0, thus S1,2 pick up a contribution of ±S0. While we have returned to the

initial value of u, the periods S1,2 do not return to their original value and thus can’t

be analytic. This occurs for every monodromy cycle near u = �1, thus S1,2 must have

a logarithmic dependence on 1 + u. One can check that

S1,2(u) = Q1,2(u)⌥ i

2⇡
S0(u) ln(1 + u) , (20)

yields the correct behavior, where Q1,2(u) and S0(u) are analytic functions of (1 + u)

(moreover Q1 + Q2 = S0). This allows us to identify the analytic period S0(u) =

(
p
6⇡/2)(1 + u) + O((1 + u)2) as the classical action, while the instanton action is a

combination of the two non-analytic periods S1,2(u).

As an immediate corollary, the symmetry relation (19) shows that at the singular

point u = ei⇡/3 (e�i⇡/3) the period S1(u) (S2(u)) is non-singular and goes to zero.

It should be thus identified with the classical actions for the branch of the spectrum

terminating at the respective singular point, Fig. 3a. A combination of the remaining

two actions S0 and S2 (S1) form the corresponding instanton.

Quantizing the classical action according to the Bohr-Sommerfeld rule,

S
j

(u(j)
m

) = 2⇡↵�1/2(m+ 1/2), m = 0, 1, ... , (21)

one finds the semiclassical energies u(j)
m

determining centers of the narrow bands in the

complex plane. Figure 6a shows the lines ImS0(u) = 0 and ImS1(u) = 0 intersected

with the set of lines |S0,1(u)| = 2⇡↵�1/2(m+1/2). The numerically computed spectrum

sits right at the semiclassical complex energies u
(j)
m

. The excellent agreement holds all

the way up to the point u ⇡ 0.96, where all three periods S
j

happen to be purely real.
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Since there are only two linearly independent holomorphic  
forms on genus one surface (de Rahm theorem),   
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For the torus the cohomology, like the homology, is two-dimensional, i.e. any three

(or more) holomorphic 1-forms on the torus are linearly dependent up to an exact

form. As a result, there must exist a linear combination of 1-forms {�00(u),�0(u),�(u)}
which is an exact form (here primes denote derivatives w.r.t. u). This combination

may be found by equating a generic linear combination of these three 1-forms (with

u-dependent coe�cients) to the exact form d
z

[P3(z)z�1/2(z3 + 3uz + 2)�1/2], where

P3(z) is a third degree polynomial. Matching coe�cients for powers of z leads to 6

equations for 7 unknown parameters, determining the sought combination up to an

overall multiplicative factor. This way one finds that the operator L = (u3+1)@2
u

+u/4

acts on �(u) as

L�(u) = d

dz


i

4
p
2

�3z2 + u(z3 � 4)

z1/2(2 + 3uz + z3)1/2

�
dz . (13)

This implies that L�(u) is an exact form, therefore upon integration on a closed cycle

�
j

on the torus it follows that
H
�

j

L�(u) = LS
j

(u) = 0, from Stokes’ theorem. Thus the

action integrals S
j

(u) satisfy the linear second order ODE

(u3 + 1)S 00
j

(u) +
u

4
S
j

(u) = 0. (14)

This is the Picard-Fuchs equation for our system [34, 35], a concept that is extensively

used in the context of Seiberg-Witten theory (see e.g. Ref.[36] for a review).

Changing variable to u3, this equation may be brought to the standard hypergeometric

form of the Euler-Gauss hypergeometric functions[37]. In the domain | arg(1� u3)| < ⇡

it admits two linearly independent solutions of the form F0(u3) and uF1(u3), where

F0(u
3) = 2F1

✓
�1

6
,�1

6
;
2

3
; �u3

◆
, F1(u

3) = 2F1

✓
+
1

6
,+

1

6
;
4

3
; �u3

◆
. (15)

These solutions form a basis out of which S
j

(u) (and indeed any period of (10)) must

be composed of [38]. In this basis the three periods S
j

(u), where j = 0, 1, 2, are given

by

S
j

(u) = C
j0F0(u

3) + C
j1uF1(u

3) . (16)

Since the hypergeometric functions are normalized and analytic near the origin,

F0,1(u3) = 1 + O(u3), one notices that S
j

(u) = C
j0 + uC

j1 + O(u3), as u ! 0. One

can thus find the constants C
jk

by expansion of the actions at u = 0 as C
j0 = S

j

(0)

and C
j1 = S 0

j

(0). The corresponding integration paths are shown in Fig. 5 and

straightforward integration yields:

C00 = C10e
⇡i/3 = C20e

�⇡i/3 =
211/63⇡3/2

�(16)�(
1
3)

, (17)

C01 = C11e
�⇡i/3 = C21e

⇡i/3 =
31/2�(16)�(

1
3)

211/6⇡1/2
. (18)
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 The coefficients may be determined by doing brut-force  
integration at one (e.g. u=0) specific energy: 
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two turning points. By the Cauchy’s theorem, a deformation of such closed integration

contour does not alter the value of the integral (i.e. the action) as long as the deformed

contour does not touch other branch cuts or singular points. This observation allows

one to avoid finding the actual classical trajectory, substituting it by a proper closed

contours encircling two of the turning points and avoiding singularities. Since there are

three turning points z0,±, it is convenient to choose three contours of integration �0,1,2,

avoiding singular point at z = 0 as shown in Fig. 5. The corresponding action integrals

can be written as S
j

(u) =
H
�

j

�(u), where

�(u) = p(✓) d✓ = p(z)
dz

iz
=

i

z3/2

✓
1

2
z3 +

3

2
uz + 1

◆1/2

dz (12)

is the action 1-form. Since all �
j

wind around the torus, the actions S
j

are the periods

of E(u) with respect to �(u). From the Riemann-Roch theorem [33] one knows that for

a Riemann surface of genus 1 there are exactly two independent closed cycles. Therefore

the three cycles introduced above are not independent. An inspection shows that the

following combination of them �0� �1� �2 is a contractible cycle, not containing any of

the branching points. Therefore after integration S0�S1�S2 = 0. The two fundamental

cycles on the torus, shown in Fig. 4c are given by �0 and �1.

Figure 5: (Color online) Complex z-plane with two branch cuts, shown in gray. (a) Three
integration cycles �0, �1, �2 are displayed for u = 0. (b) The instanton cycle � = ��1 + �2.
The solid (dashed) lines denote parts of the cycles going over the first (second) branch.
Notice that � crosses twice the two cuts from first to second branch and back.

One can also consider the first cohomology group of the torus, comprised of all

holomorphic 1-forms on the Riemann surface modulo exact 1-forms (the latter integrate

to zero for all cycles on the torus by Stokes’ theorem). We then employ de Rham’s

theorem [33], stating that there are exactly as many independent holomorphic 1-forms

to integrate upon the surface as independent cycles to integrate along the surface.
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(a) Results for the (2, 1)-Hamiltonian,
↵ = 200. The lines coalesce at u ⇡ 0.96.

(b) Results for the (3, 1)-Hamiltonian,
↵ = 300. The lines coalesce at u ⇡ 1.09.

(c) Results for the (4, 1)-Hamiltonian,
↵ = 400. The lines coalesce at u ⇡ 1.20.
There are two non-real spectral sequences
which collide near u ⇡ 0.90 + 0.32i. Beyond
this intersection the green line marks the
quantization condition for the sum of the
two corresponding actions, S1 + S2.

(d) Results for the (3, 2)-Hamiltonian,
↵ = 400. The lines coalesce at u ⇡ 0.98, the
first pair of complex conjugate lines
intersects at u ⇡ 0.84. The quantization
condition for the sum of these two actions,
S2 + S3, which explains the state at
u ⇡ 0.89, is marked in green.

Figure 6: (Color online) Narrow energy bands (red dots) in the upper half-plane of complex
energy u for large ↵, cf. Fig. 3. In all four cases, ImS0(u) = 0 along the real axis, where
the small lines mark |S0(u)| = 2⇡↵�1/2(m+ 1/2), the quantization condition. The other
black lines mark ImS

j

(u) = 0 for the other actions S
j

, where the small perpendicular lines
mark |S

j

(u)| = 2⇡↵�1/2(m+ 1/2). In all cases S
j

corresponds to an action encircling two
branching points. Near intersections of two lines neither condition holds perfectly, cf.
u ⇡ 0.90 + 0.31i in (4, 1) and u ⇡ 0.82 in (3, 2). To the right all lines coalesce and beyond
this point we observe bands with narrow gaps (same colors as in figure 3). The lower
half-plane is omitted for brevity, it shows the mirror image (i.e. complex conjugate) of the
upper half plane.

Beyond this point the semiclassical approximation breaks down, which manifests in e.g.

appearance of wide Bloch bands. Figures 6b-d show the results for other combinations of

valences (n1, n2). In those cases the Riemann surfaces have genus g = 2, which requires

fourth-order Picard-Fuchs equations (see appendices A-C).

All graphs exhibit spectral branches along the lines where one of the actions S
j

(u) is

real, while the bands lie near the points determined by the Bohr-Sommerfeld condition

(21). For (2, 1) and (3, 1) there exists a total of three spectral sequences, for (4, 1)

and (3, 2) five sequences due to a higher number of energies for which two turning

points collide. In the (4, 1) case, Fig. 6c, the two complex-valued branches intersect at

0)(Im 0 =uS

0)(Im 1 =uS

ReS0,1(u) = 2π (n+
1
2
)
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u ⇡ 0.90 + 0.32i. Beyond this point the two sequences merge into one, for which the

quantization condition is neither determined by S1 nor S2 individually, but instead by

the sum S1 + S2 (shown in green). For (3, 2), Fig. 6d, the two lines for the complex-

conjugate pair S2 and S3 collide at u ⇡ 0.84, the other pair collides at u ⇡ 0.98 where

the semiclassical approximation breaks down. A closer look at the state at u ⇡ 0.89

reveals that this cannot be explained by the quantization of S0 along the real axis.

However, it meets the Bohr-Sommerfeld condition (21) for S2 + S3 with m = 17. Thus

we may conclude that the spectral branches can be derived from the Bohr-Sommerfeld

condition for one of the actions, or upon intersection of two branches by the sum of two

actions.

The semiclassical bandwidth is determined by Gamow’s formula,

Figure 7: (Color online) Analytical and numerical results for the logarithm of the bandwidth
of the lowest band, ln(�✏)0, versus square-root of the charge fugacity,

p
↵, with (2, 1) as

dashed (diamonds), (3, 1) as dotted (circles), (4, 1) as short-dashed (triangles) and (3, 2) as
dash-dotted line (squares). The Hermitian (1, 1) gas is shown as solid line (stars), for
comparison.

(�u)
m
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!
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p
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ei↵

1/2
S

inst

(u
m

)/2 , (22)

where ! =
p
6 § is the classical frequency for the Hamiltonian (8) and S

inst

is the

instanton action .

§ ! =
p
6 can be derived from the harmonic oscillator approximation in (8), i.e. expanding the potential

near the turning point ✓ = 0 up to second order.
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(a) Results for the (2, 1)-Hamiltonian,
↵ = 200. The lines coalesce at u ⇡ 0.96.

(b) Results for the (3, 1)-Hamiltonian,
↵ = 300. The lines coalesce at u ⇡ 1.09.

(c) Results for the (4, 1)-Hamiltonian,
↵ = 400. The lines coalesce at u ⇡ 1.20.
There are two non-real spectral sequences
which collide near u ⇡ 0.90 + 0.32i. Beyond
this intersection the green line marks the
quantization condition for the sum of the
two corresponding actions, S1 + S2.

(d) Results for the (3, 2)-Hamiltonian,
↵ = 400. The lines coalesce at u ⇡ 0.98, the
first pair of complex conjugate lines
intersects at u ⇡ 0.84. The quantization
condition for the sum of these two actions,
S2 + S3, which explains the state at
u ⇡ 0.89, is marked in green.

Figure 6: (Color online) Narrow energy bands (red dots) in the upper half-plane of complex
energy u for large ↵, cf. Fig. 3. In all four cases, ImS0(u) = 0 along the real axis, where
the small lines mark |S0(u)| = 2⇡↵�1/2(m+ 1/2), the quantization condition. The other
black lines mark ImS

j

(u) = 0 for the other actions S
j

, where the small perpendicular lines
mark |S

j

(u)| = 2⇡↵�1/2(m+ 1/2). In all cases S
j

corresponds to an action encircling two
branching points. Near intersections of two lines neither condition holds perfectly, cf.
u ⇡ 0.90 + 0.31i in (4, 1) and u ⇡ 0.82 in (3, 2). To the right all lines coalesce and beyond
this point we observe bands with narrow gaps (same colors as in figure 3). The lower
half-plane is omitted for brevity, it shows the mirror image (i.e. complex conjugate) of the
upper half plane.

Beyond this point the semiclassical approximation breaks down, which manifests in e.g.

appearance of wide Bloch bands. Figures 6b-d show the results for other combinations of

valences (n1, n2). In those cases the Riemann surfaces have genus g = 2, which requires

fourth-order Picard-Fuchs equations (see appendices A-C).

All graphs exhibit spectral branches along the lines where one of the actions S
j

(u) is

real, while the bands lie near the points determined by the Bohr-Sommerfeld condition

(21). For (2, 1) and (3, 1) there exists a total of three spectral sequences, for (4, 1)

and (3, 2) five sequences due to a higher number of energies for which two turning

points collide. In the (4, 1) case, Fig. 6c, the two complex-valued branches intersect at
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21

This cycle connects the two colliding turning points and does not contain �0 (cf. Fig. 9).

The bandwidth in Gamow’s formula (22) is invariant under monodromy transformation

and for real values of u the instanton action is purely imaginary. The result for the

bandwidth of u
(0)
m

along the real axis is given in equation (23) and compared with

numerical results for the lowest band in Fig. 7.

B. Tetravalent (4,1) gas

Setting (n1, n2) = (4, 1) in the Hamiltonian (4) and normalizing the energy as u = 4✏/5↵

yields

5

4
u = p2 �

✓
z4

4
+

1

z

◆
, (49)

It gives a family of algebraic curves over complex (p, z),

E
u

: F(p, z) = 4p2z � (z5 + 5uz + 4) = 0. (50)

For non-singular E
u

(u5 6= �1) there are six square-root branching points, the five roots

of p2(z) = 0 and at z = 0. Note that z = 1 is a regular point. Six branching points

yield three branch cuts, thus the underlying Riemann surface is of genus 2. We define

five closed cycles �
j

, j = 0, 1, 2, 3, 4, each encircling a pair of turning points. Figure 10

shows these for u = 0. On a Riemann surface of genus 2 there are exactly 4 independent

Figure 10: (Color online) For (n1, n2) = (4, 1) the Riemann surface is doubly branched with
a total of three cuts, shown in gray. The five cycles �

j

with j = 0, 1, 2, 3, 4, along with the
instanton cycle � (defined for later reference) are displayed for u = 0. The solid (dashed)
lines denote parts of the cycles going over the first (second) branch.

closed cycles and 4 independent 1-forms, cf. appendix A, implying one linear relation

�0 � �1 + �2 + �3 � �4 = 0 between the five cycles. Applying the same method to obtain

the Picard-Fuchs equation as in Sec. 4 and Appendix A yields

(u5 + 1)S(4)(u) +
9u5 � 1

u
S(3)(u) +

235

16
u3S 00(u) +

5

4
u2S 0(u) +

39

64
uS(u) = 0. (51)
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23

of u(0)
m

along the real axis is given in equation (23) and compared with numerical results

for the lowest band in Fig. 7.

C. Trivalent (3,2) gas

The third case belonging to genus-2 is that of the Hamiltonian (4) obtained by setting

(n1, n2) = (3, 2). The energy is normalized as u = 6✏/5↵, thus

5

6
u = p2 �

✓
z3

3
+

1

2z2

◆
, (63)

which yields a family of algebraic curves

E
u

: F(p, z) = 6p2z2 � (2z5 + 5uz2 + 3) = 0 (64)

over complex (p, z). These curves have six square-root branch points (if E
u

is non-

singular, i.e. u5 6= �1), the five zeroes of p2(z) and a singularity at z = 1. Additionally

there is a pole of order 2 at z = 0 which doesn’t change the topology of the Riemann

surface. Therefore the Riemann surface is of genus 2. With five turning points

being present we can identify five closed cycles �
j

, j = 0, 1, 2, 3, 4, each encircling two

neighboring turning points. Figure 11 shows these trajectories for u = 0.

As in Appendices A and B there are exactly four independent closed cycles and four

Figure 11: (Color online) For (n1, n2) = (3, 2) the Riemann surface is doubly branched with
a total of three cuts, shown in gray. The five cycles �

j

with j = 0, 1, 2, 3, 4, along with the
instanton cycle � (defined for later reference) are displayed for u = 0. The solid (dashed)
lines denote parts of the cycles going over the first (second) branch.

independent 1-forms. The five cycles �
j

are thus linearly related as �0+�1��2��3+�4 =

0. The Picard-Fuchs equation for the actions S
j

(u) =
R
�

j

�(u) is a fourth order ODE:

(u5 + 1)S(4)(u) +
9u5 � 1

u
S(3)(u) +

140

9
u3S 00(u) +

5

4
u2S 0(u) +

119

144
uS(u) = 0. (65)

The singular points of this equation lie at the fifth roots of �1, i.e. u 2
{exp(±⇡i/5), exp(±3⇡i/5),�1}, and at u = 1. The four independent solutions can
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(a) � = 0 (b) � = ⇡

6

(c) � = ⇡

4 (d) � = ⇡

3

Figure 8: (Color online) Narrow energy bands (red dots) in the (2, 1) case for ↵ = 200ei�.
The black lines mark Arg[S

j

(u e�i�)] = ��

2 , the thin lines denote the quantization
conditions |S

j

(u e�i�)| = 2⇡|↵|�1/2(m+ 1/2).

since for � = 2⇡/3 the actions transform as S0 ! S1 ! S2 ! S0. At the level of

the Riemann surface, this is because the cycles �0,1,2 are continuously permuted with

changing �. Hence the spectrum is periodic in � with period 2⇡/3, rather than the naive

periodicity 2⇡. This happens due to presence of three spectral branches which cyclically

interchange for � changing by 2⇡/3.

This observation has important physical ramifications. Let us consider the

probability p(N) of exactly N ions inside the (2,1) channel. It is given by the statistical

averaging of a factor �(N1 + N2 � N) = (2⇡)�1
R
⇡

�⇡

d� ei�(N1+N2�N). Consequently,

the mapping in [12, 22] causes the ion fugacities ↵1,2 in (3) to obtain the same phase

↵1,2 ! ↵1,2e
i� which in turn modifies the partition function 2 as Z

L

! Z
L

(�). Hence
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Ø  Statistical mechanics of Coulomb gases may be  
    mapped onto NON-HERMITIAN Sine-Gordon 
    quantum mechanics (or QFT, is it integrable?)  

Ø  This complex QM is described as a Hamiltonian  
    dynamics on Riemann surfaces with genus > 1  

              

Ø  Tackled by Seiberg-Witten machinery of  
     holomorphic differentials   
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