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MeToaA DBaAbAa
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MeToA DBaAbAa

TENEPb PAa3A0OKHKUM MNOTEHUMUAA Ha CYMMY ABYX 6hICTpE} CXOAAWMNXCA HYAEHOB.
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MeToaA DBaAbAa
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MeToaA DBaAbAa
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ypaBHeHUe [ lyaccoHa-boAbuMaHa
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DeLlleHMne Ha CeTke

NpOMHTErpmpyem obe CTOpOHbI: /] |
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MEeTOA HECKOAbKUX pa3peLueHUn

NMOCAEAOBATEABHO HaXOAMM pelueHue ypaBHeHUs [lyaccoHa-boAbumaHa Ha ceTke
YMEHbLLUAEM LAl CEeTKM
rpaHUYHbIE YCAOBUS BepeM 13 MpeAbIAYLLErO peLleHUs

Ha MEepPBOM LUare NOTEHLMAA Ha rPpaHMLLE CHUTAEM AaHAAUTUYECKU AU BepeM paBHbIM
HYAIO
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Introduction

Explicit solvent representation requires a lot of computational time.
In some systems water molecules are ~ 90% of the system size.

M empirical models:

W solvation free energy is a sum of atom or group
contributions

W contributions are linear functions of SAS areas or volumes

W these models incorporate the hydrophobic and electrostatic

components of solvation, but omit the solvent charges

screening

M continuum electrostatics:

W different dielectric constants for the solvent and the solute
Interior

W solve the Poisson-Boltzmann equation




Implicit models

B empirical models:

B a simple model: Gsotvation — N~ 5. AS A,

W effective energy function:
AGsolvation — AGreference . Z f fi(rij)d3r

® GB approximations: AESCT%”Z”Q (1-— _) 9i9;

f(riyry)

AGsolvatwn _ Z(AEself 1 z;; Escreenzng 4 AEnonpolar)
) 71F£1

M finite difference PB:

] AGPB AGPB L AGPB

water Vacuumm

] AGsolvation — AGPB 14 ’)/ASA




Poisson-Boltzmann Equation

Gauss law in vacuum:
V- E(r) = 47mp(r)

In the media with dielectric constant e:
D(7) = eE(7),

V - eVo(r) = —4mp,

Charge distribution:
P = Pfized + Pmobile;

Pfired — Z QZ5(T — Tz')a
Pmobile — Z < NOELP “BT

For 1-1 salt: s
Pmobile = ) ZiNoSinh(77)

Or in the linear case:
.

Pmobile =— Z <310 kT




Boundary Element Method

Electrostatic boundary conditions on the molecular surface:
]:)im’n:]:)out’n

(Eout — Ejn) -n =47no

Taking into account that D = ¢E:

__ ( €in—€out
0 = ( zZWeiiu >EOUt -

On the other hand from Poisson equation:
Eout(r) = ) e?nf:::ll)?’ + 27o(r)n(r)

And finally we get:
o(r) = (e ) i S +
(ein_eout) § (I‘ rS) H(I‘) O-Sds

AT€Ein lr—rg|3

Or after the regrouping terms and discretization:

. — 1l €in—€out . Qi(rj_ri) (I'J—I‘k)
O-J - 27 ein+€out S.j |:Z’L 6in|rj_ri‘3 —|_ zk¢3 ‘I’ _rk|3 k




Matrix Form of the BEM equation

The BEM equation can be written in a matrix form:
2_ij Aijos = b
with the matrix

A’LJ — 27-‘- €intE€out 523 — S

€in —€out

and the vector
bi = si ) 1 D2 o) 3y

€in|Xi—XK|3

To solve the system directly:

M either calculation and storage of all the matrix A elements,
storage is O(N?)

W or the A;; calculated on the fly, CPU usage is O(N?) operations
per iteration




Matrix Form of the BEM equation

Diagonal elements of matrix A: A;; =

y

o lintout  flat area elements

€in —€out

o Sintlout _ , /}?5’, area elements with Gaussian curvature K
7

€in —€out

dmeout _|_ Z AT

€in —€out (YR

\ 1#£]

normalization conditions

M first approximation works rather well
M curvature is not easy to estimate

B normalization did not advance much in our tests




lterative Solvers

The BEM system is linear, so a number of iterative solvers exist:

B Stationary Methods: can be expressed as z(¥) = Bz(s+1) 4 ¢

W Jacobi - The resulting method is easy to understand and implement, but

convergence is slow.
M Gauss-Seidel - Similar to Jacobi, but a bit faster

W Successive Overrelaxation (SOR) - May converge faster than

Gauss-Seidel by an order of magnitude.

To use these methods the BEM equation can be written as:
o; = Ui(o;)

B Convergence depends on the matrix form

B May never converge




lterative Solvers

B Nonstationary Methods for general matrices:

M Generalized Minimal Residual (GMRES) - should be restarted,

otherwise requires too much memory
W BiConjugate Gradient (BiCG) - convergence may be irregular

¥ Quasi-Minimal Residual (QMR) - smooth out the irregular convergence

behavior of BiCG

W Conjugate Gradient Squared (CGS) - convergence may be much more

irregular than for BiCG

W Biconjugate Gradient Stabilized (Bi-CGSTAB) - obtains smoother

convergence than CGS

W Chebyshev lteration - knowledge of the extremal eigenvalues is

required

B GMRES and QMR perform the best




lterative Solvers

Comparison for different iterative algorithms for the BPTI protein

with 2500 surface elements:

CGS

BiCGSTAB

GMRES

BiCG

QMR

Cheby

steps

24

23

30

36

37

Convergence of iterative methods. BPTI protein with point density 5 points/nm.

Tolerance = 1e-6, 2500 surface elements, no preconditioner was used




BEM against FDPB

FDPB:
W - solve PB equation on a 3D grid. Storage is O(N?)

B - boundary conditions must be always implied
M - solved several times iteratively

M - solvent/solute boundary has a finite size

M - atoms are mapped on the grid

B + different dielectric constants can be used

BEM:
® + solve PB equation on a 2D grid. Storage is O(N?)

M + exact atom positions
B + solvent/solute boundary is defined by the mesh

M - every region has a unique dielectric constant




Preconditioners

Preconditioned problem
PAx =Pb

B How do we choose/construct P?
B Simple idea: Use a (cheap!) approximation to the inverse.

P~A"L

M Pointless in its exact form!

B Some popular choices:
W Diagonal preconditioner (also in block form):

P = (diagA)™!

¥ Incomplete LU factorisation:
P = (LincUinc)_l
B |n general, the choice of preconditioner is problem dependent.




BEM Forces

Electrostatic energy evaluated as:
_ 1 _4i49;5 _Ok4q;
U= 7 2z o] T 22k Tryorn]
Its derivatives are:
O =
1 qiq; 0 0
g (err 2oity Temrs]) T 22k Ok s |rJ—rk| + 2k |rJ—rk| ;7

€in

The only problem arises with %ak in the last term. It can be found

from the matrix equation derivatives:

B b
oz, = oz,

W requires derivatives of molecular surface

Another beautiful approximation for the solvation forces (Canceées

and Menucci):
%GSOZU ~ 47‘(‘6 fo_ U(]) ]f) n(k))dk

W requires calculation of the moving front Uﬁj )(k)




Molecular Surfaces

Parametric surfaces:
B spherical blobs with a local smoothing
B (Gaussian kernels
The density D in every point of the system is:
_ai( |F—7"_72|2 _1)

D =) .exp R

applying C' = a;/R;:
D=3, exp CUr=ril*~RD)

Surface is then definedas D =1
The difference between C(a) and a;(b) (from C. Bajaj):




Molecular Surface Derivatives

Surface D derivatives are:

oD __ oo —C(|F—73|*—R3
873' — 20(7" — Tj)exp (l jl 9)

Surface gradient is:
i =—203,(F— i)exp CUF—7il*~R) — _$~ 0D _ _yp

j 8a:j

Shape operator:

( oo (2 +d2)  —dpdydy, — —dyd.d.. )

_ 1
S=TwoF | —dydedes dyy(dp +d7)  —dyded

Gaussian K and mean H curvatures:

K det(S)
H 1/2 Tr(S)




Molecular Surface Area

Gauss-Bonnet theorem:
Jo KdA+ [, kgds = 2mx (M)

If the boundary OM is a union of geodesic curves:

For triangular meshes it can be rewritten as:
fM KdA — Z Az — 7T

For a triangle AABC' the curvature K is:
K = Kla/ha -+ Kgﬁ/hﬁ + Kg’y/hfy

where:
a/ha + B/hg +v/hy =1




Molecular Surface Area

Gaussian curvature without Shape operator: Euler equation
k = k1cos?(0) + kosin?(0)

Having normal curvatures ¢; in 3 directions:

( c1 = kicos*(0) + kasin?(0)

co = k1c0s?(0 — ¢1) + kasin?(0 — ¢1)
= k1cos®(0 — ¢o) + kosin?(0 — ¢o)

—k . kv —
cos?(0) = —zi—kg; sin?(0) = ki—li;

;

co — ko = 0032((;51)(01 — k‘Q) -+ Sin2(¢1)(k1 — Cl) -+ Sin(Qqﬁl)\/(Cl — kg)(kl — Cl)

\ cg — ko = COSQ(¢2)(01 — kg) -+ Sin2(¢2)(k1 — Cl) -+ Sin(ngQ)\/(Cl — kg)(kl — Cl)

The latter system of equation can be rewritten in terms of the Gaussian curvature
K = k1ko and the mean curvature H = (k1 + k2)/2:

co—c1cos2¢q cg—c1cos2¢9
n2p o sin2¢doy
k k — st 1
1 +_ 2 sin2¢2 sin2¢1

sin2¢9 sin2¢q

— 2 in?¢q (k1+k
kika = c1(ky + k2) — cf — (25550 ¢1 _ sin 32(2;;1 2) 2




Molecular Surface Area

Or in a simpler form:

_ c28itn2¢o—c3sin2¢1—cisin(2¢2—2¢1)
kit ko = = 2§mq§glsz'n¢;sz'nz¢z—¢1>2

— n2¢q (k1 +k
kiks = c1(k1 + ko) — ¢ — (& 52717,62(;5812% _ sin"¢a (ki 2))2

Normal curvatures c; are approximated by:

B this approximation is much simpler than the Shape operator

® works very well only for meshes with good quality triangles

M |arge errors when ¢ ~ 180°




Meshing Techniques

B marching algorithms

= marc
= marc

= marc

ning cubes

ning tetrahedra

ning triangles

B decimation algorithms

W edge

decimation

W vertex decimation

® refinement algorithms

W Loop

algorithm

m SQRT3 algorithm

M postprocessing techniques

/\m“ﬁ thtll‘.hn]A
—_—




Marching Cubes

l -
lﬁ‘/.iface

continuation (side view) decomposition polygonization

M + very robust

M - poor mesh quality
Improvements:

B edge decimation

B subseauent prediction-correction SQRT3-like refinement

Result:
B good mesh quality

MW adaptivity, e.g. to curvature




Mesh Refinement

Prediction step:

B calculate position D on the middle of the arc AB

M calculate normal n,; as an average of 7i; and 7

M calculate normal curvature of the arc DOC

M calculate the refined O position from the triangle centroid
Correction step:

M calculate function value v and normal 7 at point O

W correct position of O by 7i*F 21"

Results:

B One prediction-correction procedure requires only a single

function evaluation and reduces the error by ~ 104 times




Mesh Refinement
Original mesh, mesh after decimation and the refined mesh:

Original Marching cube algorithm uses linear point interpolation:

CE_ ’U_|_—f_|_’v_
’U_|_ — U _

w Lo =




Data Structure

Open Mesh library:
B one vertex

B one face

M the next halfedge

M the opposite halfedge

M optional: the previous halfedge

M fast iterators over faces, vertexes, etc.

M fast circulators over faces, vertexes, etc.




Fast Electrostatic Summation
N-body solvers:

W direct O(N?)
B multipole O(N) — O(N log N)

W analytical derivatives do not exist at atom positions
W forces fluctuate at low number of expansion terms

W it is possible to achieve a given accuracy with certain

number of expansion terms
B multigrid O(N) — O(N log N)

M at low accuracy energy conserves better

W there is a limit of accuracy
B Ewald sums -O(N log N)

W easy and robust

W classical schemes exist only for periodic systems




Multipole Summation

B DPMTA algorithm has been extended to calculate the
transpose of matrix A

B The multipole expansion M} has a vector form and contains

n,

three new components:

k
(1) MP () =) qisiitiF, (7))
1=1

B Forces then calculated as:

o n

2) VO (F) =Tr ¢y Y My, VGy ()

n=0m=—n




Multipole Summation
B DPMTA scales linearly:

25 7

Time, sec
n
|

—k
o
I

T | T T T T I T T T T I T T T T I T T T T I T T T T I T T T T I T T T T I
S5e+04 1e+05 1.5e+05 2e+05 2.5e+05 Se+05 3.5e+05 4e+05

Number of particles

Time for calculation of one cycle of the BEM algorithm as a function of number of

the boundary particles

m it is faster than the direct solver only at high ~ 10*
number of particles




Numerical Tests

Relative error

40 60
Initial grid density, points/nm

(a) (b)

(a) Molecular surface of the BPTI protein. Marching cubes algorithm for the surface
extraction has been used. (b) Error in solvation energy versus density of surface point for
the marching cubes algorithm.




Numerical Tests

(a)

marching cubes

marching cubes normalized

marching tetrahedra

marching tetrahedra normalized

marching tetrahedra dual contouring

marching tetrahedra dual contouring normalized

o
[

o
=)
o

R o -

Relative error in solvation
energy, KJ/4ne
o

15 20
Initial grid density, points/nm

(b)

® marching cubes
B marching cubes normalized

Solvation energy, kjJ/4mne

® o000
1
20

25
Initial grid density, points/nm

(a) Three different marching schemes are compared. (b) Solvation energy for the BPTI
protein at different grid point densities.




