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Outline

» Graphene: Dirac point at B=0

. Various types of criticality

» Point-like scatterers:

° ,Unfolded" scattering theory

» Dirac point at finite B:

. Quantum Hall criticality & localization

» Point-like scatterers in strong B:

. ,Level condensation”: ballistic transport



Clean graphene: band structure




Experiments on conductivity

Density dependence
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Conductivity is linear in density:

@ long-range Coulomb impurities

@ corrugations (ripples)

... Or resonant scatterers (strong impurities, vacancies)?



Conductivity at ne = 0 (Dirac point)

Generic disorder:
Anderson localization will drive o ~ €*/h to 0 — 0 with lowering T.

BUT

Experiment: o ~ 4 x e?/h independent of T (Absence of localization !)

Can one have non-zero conductivity at Dirac point?

Yes, if disorder either

(i) preserves one of chiral symmetries (e.g., ripples, dislocations, vacancies)

or
(ii) is of long-range character = ——  does not mix the valleys

(Coulomb impurities, Coulomb impurities + ripples)



Disordered electronic systems: Symmetry classification
Altland, Zirnbauer 97

Conventional (Wigner-Dyson) classes
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Mechanisms of Anderson criticality in 2D

“Common wisdom”: all states are localized in 2D

In fact, in 9 out of 10 symmetry classes the system can escape localization!
—— variety of critical points

Mechanisms of delocalization & criticality in 2D:

e broken spin-rotation invariance —— antilocalization, metallic phase, MIT

classes AIl, D, DIII

e topological term mwy (M) =7 (quantum-Hall-type)
classes A, C, D : IQHE, SQHE, TQHE

e topological term (M) = Zs
classes AII, CII

e chiral classes: vanishing 3-function, line of fixed points

classes AIll, BDI, CII

¢ Wess-Zumino term (random Dirac fermions, related to chiral anomaly)

classes AIIl, CI, DIII

For review see Evers & Mirlin, RMP‘08



Anderson delocalization 1n graphene

Disorder Symmetries Class Field-theory = Conductivity
Vacancies, strong on-site impurities C., 1y BDI rade ~ 4e? /mh
Vacancies + RMF C, ATll Gade ~ 4e? /mh
0371,2 disorder C.,T. CII rade ~ 462/?1'}1,
Dislocations Co, 1o CI WZW de? /mh
Dislocations + RMF Co ATII WZ7ZW 4e? /Th
Ripples, RMF A., Ch 2x ATl WZW 4e? /mh
Smooth resonant impurities A, C,T 2x DIII WZW o0
Charged impurities A, T 2xAll =T ~ 462/h or oo
Random Dirac mass: o319, 0373 A, CTy| 2xD T 4e? /mh
Charged impurities + ripples A 2xXA 0 =7 4oy,




,Unfolded” scattering theory



Setup
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rectangular sample with dimensions L x W

large aspect ratio: W > L
—>  boundary conditions (edge modes) irrelevant

zero energy (Dirac point)
ideal contacts

perfect metallic leads



Point-like impurities

L

0

¢ scalar impurities - smooth on atomic scales

site potential impurities

e adatoms - on-

¢ vacancy - infinitely strong on-site potential

e resonant scalar impurity - creates a quasibound state at the Dirac point



Methodology

Generating function: J(¢) = Trln G;l

de? 92 F
h 0?2

Conductance =

Dyson: F = Fp+0F
Fo=TrInG;' =W¢*/2nL - ballistic

0F ="Ir In(1 — VGy) - impurity contribution



Unfolding to impurity space
Use the identity: 0F = Trin(1l — VGp) = Trin(1 — 1}@'0)
Nimp .
where V = diag(Vy, ..., VN..,) instead of V = Z V., and (Gﬂ)ij = (g

n=1

Green’s function of the ballistic sample: Go(71,72)
Includes metal boundary conditions in x direction!

May be defined in Keldysh space and include counting fields

G(r,r') = Go(r,7") + Z Go(r, 1) T Go(Trm, ')

1
FulfAtmatric 1 — V
ull T-matrix I—V@

Green’s function of almost coinciding arguments



Unfolding to impurity space

Decomposition to the singular and regular parts

lim Go(r, ") = g(r, ") + Greg(T)

r'—7r
g(r,r") is the Green’s function of an infinite
ballistic system (no leads, no counting fields)

Use the limit of short-range impurities

- BFE Bafl TC )
2N x 2N determinant!

Extremely efficient numerics: O(/N?) operations per realization



Scalar impurities



Resonant scalar impurities
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Scalar impurities: Same sign
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Scalar impurities: Random sign
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Vacancies and adatoms



Site coloring

Bloch functions:

r(ef9+/2] O, 0, e f9+/2)’ I‘, E -A-:
| (0,ie-/2,ie ®-/2,0), r € B.
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Each on-site potential comes in one of 6 “colors™:

Ame
0 =(a+2Kr, =ta+ BC c=-—1,0,1




Vacancies: formalism

m Conductance

46 (W T T T
G =" TR, YI(K + KT) KT, YK+ KT)
m
L(8m—6n)
K. — e K — Kt

Sin 27 [CmXm + CnXa + 1(Ym — Vo]
Y = L "diag{ys, Vo, ..., yn}

(; = =1 and 6, are sublattice and color of /th vacancy

a Symmetry class BDI [Gade & Wegner '91]
do
dlogL

0 perturbatively to ALL ordersin 1/a
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BDI: beta-function is zero =2 conductance saturates



A + B vacancies
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m Single color, armchair boundary (o = 0)
m Sublattice imbalance d = (na — ng)/n

m Unstable fixed point for 6 = 0 (conductivity saturates at o ~

4¢°
m Stable fixed point for ng # ny with o ~ —
/4
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A + B vacancies: scaling

1.5

i (b) N f
L4 Ve o I |
_ i a& &9‘ A " - \.\ 1
-E I.3 g.,fl& OQ@I . E‘:’?’n i
g AR 00‘ u "2, Iné
1 Ay 0 A ] &
N 12t ™~ n - -
~ . ’-E
I.1F = "‘"’*aﬂ .
Pé
1'01_ Illo | 100
(L/¢Y

m Crossover curves collapse in units of L/¢&

m Power law scaling né¢? ~ §%72

Novel strong-coupling criticality in class BDI beyond sigma model



Adatoms: Same sign
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Adatoms: Random sign
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Results for B=0

462

InnL? — oo
mh

e scalar: All (symplectic, TR+,SR-) o=

with WZNW 12
e resonant scalar: DIl (BdG,TR+,SR-) o =

(111 nL? —Inln ﬂ-LE)

wh
e adatoms: Al (orthogonal, TR+,SR+) 0= —-¢€

* vacancies: BDI (chiral orthogonal, TR+,SR+) ¢ — — x



Graphene 1n magnetic field



Anomalous QHE in graphene

Experiments on QHE
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Anomalous quantum Hall effect
o only odd plateaus: o, = (2n + 1)2e?/h
@ QHE transition at zero concentration

@ visible up to room temperature!



Anomalous QHE in graphene

Effective field theory: o-model

Single valley (unitary o-model with topological term 8 = 2wo4, + 7):
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Weakly mixed valleys:
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Even plateau width ~ (7 /Tmix)%4°, visible at T <

Estimate for Coulomb scatterers: even plateaus 5%,
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Anomalous QHE in graphene

Chiral disorder: “Classical’ quantum Hall effect

@ Ripples <  Abelian random vector potential
@ Dislocations < non-Abelian random vector potential

Atiyah—Singer theorem: Zero Landau level remains degenerate

—— no localization Aharonov, Casher '79

':rl.r LEEFFII']]
=]

@ Ripples: odd plateaus
o Ripples + Dislocations: all non-zero plateaus



Finite B: Scalar impurities
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Finite B: Scalar impurities
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Finite B: Scalar impurities

0.5
LXEB = 12 w3 T TTT T 4.
0.4 iR IR
L4 I1'|=|4|_I|I=lllll
Ratsastitiitttins
1/ ***ﬁ@iﬂ’ N
®
0.2 1 %) Lo = 15085y, F-e-1
';I? £ = 5Dﬁimp G
0.1+ ""3}"
g
0 (b? T _-%%ﬁ‘ﬁﬁﬁ'ﬁﬁ@-b@-@
0.2 0.4 0.6 0.8 1
EB/Eimp

1
(a) 3 |
)
0 |
¢ Y
S _ 4O
[ ] -~ ~
a e ~
') 7 T ~
L
o. // I
o] V4
Y |
4 |
I
X I
1
—1 0

Oy [202/ h.]

Anderson localization away from the half-filling (s = 50 (i,

Transition to level condensation

(g < 0.2 Eimp



Finite B: Scalar impurities

Finite magnetic field B : Eimp << EB << L
. 4e?
at half filling o~ == X 0.4
e scalar: A (unitary,TR-,SR-) 12
away from half filling o = — e~ L/&B 5 ()
with WZNW 1e? 1
e resonant scalar: Alll (chiral unitary, TR-,SR-) 7= S X
Strong magnetic field: level condensation B : EB << Eimp
o = ballistic value = —
mh

conductivity is independent of the impurity positions!
No fluctuations!




Finite B: Adatoms
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Finite B: Adatoms
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Scaling with the system size agrees with NLsM RG

Anderson localization at the half-filled zeroth Landau level
In contrast to the scalar impurity case



. Adatoms

Finite B
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Transition to level condensation
(B < 0-4 Eil-np or j\/rin]l:] < j\/T{I}



Finite B: Adatoms

Finite magnetic field B : Eimp << EB << L

4¢?
— 6] e~ L/&
mh

e adatoms: A (unitary, TR-,SR+) o

¢ vacancies: Alll (chiral unitary, TR-,SR+) o— — X

Strong magnetic field: level condensation B : EB < Eimp

o = ballistic value = —
wh

conductivity is independent of the impurity positions!
No fluctuations!




Summary

» Graphene: Dirac point at B=0

. Various types of criticality

» Point-like scatterers:

° ,Unfolded" scattering theory

» Dirac point at finite B:

. Quantum Hall criticality & localization

» Point-like scatterers in strong B:

. ,Level condensation”: ballistic transport
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