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Physics Problem: Nuclear Reactions
dominated by few degrees of freedom

Reactions: Elastic Scattering, Breakup, Transfer
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Physics Problem: Nuclear Reactions
dominated by few degrees of freedom

Reactions: Elastic Scattering, Breakup, Transfer
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Reduce Many-Body to Few-Body Problem

Task: * Isolate important degrees of freedom in a reaction

« Keep track of important channels
« Connect back to the many-body problem

Hamiltonian for effective few-body poblem:
H= HO-I-Vnp'l'VnA'l'VpA

\ J
| :

np interaction Optical potentials p+A and n+A

Effective Three-Body Problem — Faddeev calculation

P N

e OHIO

UNIVERSITY

physics +astronomy



(d,p) Reactions as three-body problem

JD\@ — j)\. Deltuva and Fonseca, Phys. Rev. C79, 014606 (2009).

Elastic, breakup, rearrangement channels are included and fully coupled
(compared to e.g. CDCC calculations)

2C(a,p)C 48Ca(d,p)*Ca 132Gn(d,p)133Sn
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Theoretical Foundation for a remedy:
A.M. Mukhamedzhanov, V.Eremenko and A.l. Sattarov,
Phys.Rev. C86 (2012) 034001

Generalized Faddeev formulation of (d,p) reactions with:
(a) explicit inclusion of target excitations
(b) no screening of the Coulomb interaction

Faddeev formulation — momentum space

Suggestions:

Target excitations:
Including specific excited states — Formulation with separable interactions

No screening of the Coulomb interaction:
Formulation of Faddeev equations in Coulomb basis instead of plane
wave basis

Both need preparatory work!
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Roadmap for Proof of Principle

« Separable interactions for

— neutron-proton (literature)

— neutron-nucleus — phenomenological optical potentials

— proton-nucleus — Woods-Saxon functions in r-space
 Coulomb distorted neutron-nucleus formfactor

- Coulomb wave functions in momentum space

- Integration over oscillatory singularities
 Coulomb distorted proton-nucleus formfactor

- Proton-nucleus problem needs to be solved
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Hamiltonian: H=Hg+V  +V ,+V_,

V., : NN interaction -- momentum space V

V. A : Optical potential
Phenomenological optical potentials fitted to data from 2C to 208Pb
given in coordinate space and
parameterized in terms of Woods-Saxon functions

Unuet (1) =V (r) +i[W(r) + Wi(r)] + Vis(r) 1 - o &
xo
V(r) = =V, fus(r, Ro, am 2
H'Ir(?) - Htfu,s(r R ) )
W.(r) = —Wa(—4ay)f’, (r,Rw:awj L&
Vie (?) = (Vso + i1Wso )(—2)gus(7, Bso, aso). ws\o
R L ’\\f)
fu-‘s(?'. ':ﬂ\/] _ l—l—exp(r_R) eo
sl Ry ) = 5 fuus(r, R, )

d
guws(r,R,a) = f'(r,R,a)/r
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Historical remarks on separable potentials

 Considerable work on NN potentials
— Goal: application in 3-nucleon calculations
— Most sophisticated: Graz group

 Formfactors parameterized in terms of
Yukawa function

— Yukawa functions well suited for NN interaction

* Not too useful for heavy nuclei
— Woods-Saxon function more appropriate
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How to proceed:
First: Woods-Saxon functions have a semi-analytic
Fourier transform: (fast converging series expansion)

Central term:

Vi(q) = Ve { (ﬂaﬂe—muq 5 [Rg (1 — E_Em”q) cos (qRy) — mayg (1 - E_Em”q) sin (QRD)]
q

1 — E—Efrauq)

my 1 2650
—age” "o 2 22 7 22
(1+ agq®) (4 + agq”)

[ (ﬂ'{lw (1+ e_gmu'q) - —-(1- B_EM“"?) ) cos(qRy) + Ry (1 — E—:_EM“";’) sin(qu)}

7 _—RH.;"ICLH.
+ afe” fu/mw : 55— i ST :
(1+a30%)*  (4+a3q?)?

Details: L. Hlophe et al.: Phys.Rev. C88 (2013) 064608 Py
physics +astronomy
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How to proceed:
First: Woods-Saxon functions have a semi-analytic
Fourier transform: (fast converging series expansion)

Central term:

- L"J;_ { ﬂﬂﬂﬁ_rﬂ[}q

g(1— B_gmw)z [RG (1 - E_Emnq) cos (qRp) — mag (1 + E_Em”q) SIn (QRD)]

_ERo
q —Ho [ 1 Qe 20

We can solve a
momentum space

W T, e—Tw scattering equation
Li s(q.:] = 41‘111.1, ﬂ_z (1 E_EWGU.Q)E
1 .
[ (ﬂ'{lw (1+ e_gmu'q) ~ 5 (1- e_gmu'q) ) cos(qRy) + Ry (1 — E—:_‘:"M“'q) sin(qu)}
i ._Rul BT
+ a?e ftw/aw ! _ A ™ .
(1+a3q%)?  (4+aiq®)’

Details: L. Hlophe et al.: Phys.Rev. C88 (2013) 064608 Py
physics +astronomy

L2 OHIO

UNIVERSITY



Second: Ernst-Shakin-Thaler (EST) Phys. Rev. C8, 46 (1973)

VWi ) (W, 1V

Define separable potential as Y = 5 &
(Wi VW)

(here V Hermitian !)

fixed energy

Then partial wave t-matrix : _
Reminder:

<pf‘n-f\11f“><11ﬂ”|1 p) VDY = ¢k
<IH—}|1L _1 ':?{] ‘111{4')}

WtE)p) =

The EST construction guarantees:

At a given scattering energy E,c the scattering wave functions
obtained with the original potential V and the separable potential V
are identical . =» the half-shell t-matrices are identical
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. & Optical Potentials == Complex Potentials
| Generalizaton of EST necessary

)
l‘?\; % ;

2
7/

L. Hlophe et al.: Phys.Rev. C88 (2013) 064608

Definition with In-state necessary to fulfill

reciprocity theorem
N\

Vv v
(U V1))

For time reversal operator 97 potential must fulfill:

HU = Ut

e OHIO

UNIVERSITY

physics +astronomy



Technical details:

Let |fl ., > be aradial wave functionand K |fl .z, >=|f |1z >

'l fo e ) (g, [ulp)

Rank-1 separable t-matrix:  (/|t(E)|p) = T lut—ugo(E)ulfir.)
LkE | e

With (0" k. Ex,) = (5, lulp’)  and  t(p. ke, Ex.) = (plu|fir.)

: o _ P ke, By, ) t(p, kg, Ey,,) _
PIHE)IP) = (el = go(B)u)| firs) W', ke, E) 7(B) Hp, ke, E)

and

T(E)_l — t[:kE;._kE,Ek”)
+2;L[P[dpp3 (p, k. ;2](;0 E; k) _,p/ t(p, ke, ;)(P E; A;)]
. E

+imp [k‘ﬂf(k‘n:kE:-.Ek,-_:)i(kngkﬁ:gEkﬂ) — kg t(kg, ke, B )t (kﬂng:Eka} :
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Generalization to arbitrary rank
U= Z | fi g, ) (frpg, M| "1, kE;) {fffkﬂj |u
]

with 6, =Y (fin,, [M] Fiikw, W Fik, [l fih, ) = D ke, [l Frge, ) ke, IM | fky, )

J |

t-matrix t(E) = Z | fokp, 1765 (B) (g, 0

D> mi(E) <\f;:k,._;j. [ — ugo(E)ul fi kg, I) = ban
j Y

Compute and solve system of
linear equations

@ Instead of analytic functions, form factors are given numerically

@ Solving LS equation for n+A takes into account dependence on
the different nuclei
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Guideline for Rank of Separable
Representation (up to ~50 MeV)

system |partial wave(s) [rank|EST support point(s) [MeV]
[ =10 1 40
n+"*Ca [>8 2 29, 47
[>6 3 16, 36, 47
[=0 4 6, 15, 36, 47
[ > 16 1 40
n+'?Sn|  1>13 2 35, 48
and [ > 11 3 24, 39, 48
n+2"Pb [>6 4 11, 21, 36, 45
1>0 5 5,11,21, 36,47
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Comparison with r-space calculation:
n+4Ca @ 12 MeV

ja—
o
5]
TTT

= Hlophe
» « FRESCO
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||||

do(®, E)/dC2 [mb/sr|
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SRR O U T VLA T TR . I
Off-Shell t-matrix elements: t, (k’,k; E,,)

Exact Im Ty(kk E, ) [fm?]: j=1+1/2, 1=6, E, =13.7 MeV
Exact Re Ti(kk,Ey ) [fm?]: j=1+1/2, 16, E\ =13.7 MeV
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Roadmap for Proof of Principle

« Separable interactions for

— neutron-proton (literature)

— neutron-nucleus — phenomenological optical potentials

— proton-nucleus — Woods-Saxon functions in r-space
 Coulomb distorted neutron-nucleus formfactor

- Coulomb wave functions in momentum space

- Integration over oscillatory singularities
 Coulomb distorted proton-nucleus formfactor

- Proton-nucleus problem needs to be solved
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Coulomb distorted neutron-nucleus formfactor

Separable t-matrix derived from p+A optical potential (generalized EST scheme)
t(E) =Y ulfire,)7ii (B){fix,, |u
is]

Nuclear matrix elements  (p|t:(E)|p’)

(p|u|fl._k':-_:} - tf(p: "ILE"EIELL) = T.L,!(p)

- * ! ! 1 !
(fik lulp’) =t(p, ke: Ex,) = w(p)

Coulomb distorted nuclear matrix element

. > dq ¢° .
W lulfin) = | G ey (@ = uf o)
—) -
Faeluttf) = [ B wq) uya) = uf )"
Lkg “lpl T 0 D2 I\g Lp\9) = U P
z?; ;(p) is the Coulomb scattering wave function
physics +astronomy g OHIO
UNIVERSITY




Challenge I: momentum space Coulomb functions

N=Z,Z; e*ulq
. S (p) = 3. —ipr—yr ) C(+)
General: Vg ' (p)= lim [d re Vam  (T)
FT: A. Chan, MS thesis R — o [p* — (g +17v)%]"
U. Waterloo (2007) = —dme” "1 + t”)?.li}njﬂ d~y {Hp q|2 + ]1—|—m

Partial wave decomposition (Mukhamedzanov, Dolinskii) (1966)

o0 ) h 1 1
Yoy (0) = 2+ DU, 0P Q). Yign(p) = 9] dz Pi(2)05 5P (p)
[=0

1 r! . A in/"
R L e A D)

P’ + g%+ Essential: t

2pq

¢

Q;ﬂ ((;) has different representations

depending on ¢
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Qiﬂ fQ has different representations in terms of the
l hypergeometric function ,F, (a;b;c;z) depending on ¢

¢ large enough ( p and g different) ‘ “regular” representation

e=™1T (1 4 in + 1)T(1/2)

in _ 2 1 in/2 ~—Il—inp—1
[+in+2 I+in+1 3 1
X o7 ( 5 . 5 L+ 5 (}_—3)

¢=1(p=q) mm) “pole-proximity” representation

i | - . +1)\"? o 1-—
Q;"(C) = 5¢ ! {F(’”?) (%) 217 (—E,f + 11— —— C)

)

T(—im\T( +in+1) /¢ —1\"2 1—
b ek )({’ ) T (u+1;1+m:—2q)}

T(l—in+1) 1
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Partial-wave momentum space Coulomb functions

“regular” representation

€. (p) = _4mne”™2q(pq)’ [F(l +1+ ’c"-'n)]
“l,q (p2 + ¢2)Hiin (1/2)141
2+ 1+in 1+1+1in 4¢°p?
o I : 1+ 3/2;
“1( 2 2 '+J'@2+q2)5"
% Iim [-pz — (g + iﬁ,‘)z} ~ltn
~—+0
“pole-proximity” representation:
- 2 p+q)2]" ..
u’;fq(p) — —?ﬂ exp(—mn/2 + iop) [(p;};}) } %_iI}jz SmD.
(14 in)e % (p + q) =17 . - (p—q)?
D = . Fi| =1, =l —in:1—n;
(p—q+iy)ttem T T )2
Oscillatory singularity for p —q
physics +astronomy & OHIO
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Challenge lI:

Matrix elements with Coulomb basis functions
Separable t-matrix derived from p+A optical potential (generalized EST scheme)

ti(E) = Z | fi ks, >Tij(E)<fsz,._;j u

%]

Nuclear matrix elements (p|t:(E)|p’)

l (p|u|fl._k':-_:} :tf('p: "ILE"EIELL) Euf(p)
(fir,lulp’) =t(p" kE; Ex,.) = w(p)

Coulomb distorted nuclear matrix element

. > dq q° WC ok — o C
':"#’Lp|ﬂ|fz,kf.,->‘ = 922 UE(Q)'@’;,p(G} = u; (p)
— 0 T
) | *dq q° C ,
Frauliy) = [ G wla) y0) = uf @)
0 Y1
“oscillatory” singularityatg =p : = lim 1. —
T_H_D (g - P T ’,:‘:“l,‘) o / OH IO
UNIVERSITY
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Gel’fand-Shilov Regularization:

Generalization of Principal value regularization
Idea: reduce value of integrand near singularity

simplified

B 3“:-’“%0) [A—in o (A)—i?]} 4

» Reduce integrand around pole
by subtracting 2 terms of the
Laurent series

e OHIO
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Gel’fand-Shilov Regularization:
Generalization of Principal value regularization
Idea: reduce value of integrand near singularity

(o koo 1
yes you

CAN
j

© dx elr) _ s d,ri?}(:r) —(0) —¢'(0)x
A xtTm N A pl+in

simplified

PO a2y

» Reduce integrand around pole by 7

subtracting 2 terms of the Laurent

series
' 1 1
10 [ T T T T T T T T T T ] r_li—|
i e Y T 1 &
| T 12
"l 1. (& F 1%
m-;n" I 0 I 10 I 11::;‘['1"u 10° I 107 1w’ I 0 I 00 1w 5

X [fm"]

I[. M. Gel'fand and G. E. Shilov. “Generalized Functions”. Vol. 1.
Academic Press. New York and London. 1964.
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48
First Physics Check: p +*Ca

[ | o

@ . v "

o~ 0.5F ¥ ]
2 0 - % ° @ r-space E
. % Z!; x r-space + Coulomb | 7

- + p-space + Coulomb| 7

0.5 | | | | | |
0.4 | | | | | ]

[ (b) s . |

0.2+ * _
7ok X 4 .
= - il
= _0.2+ @ .
0.4 * 3t i

|| | | | | | ||

4 5 6 7 8 9 10

Selected partial wave S-matrix elements S,,, for p+43Ca (CH89 optical potential)
with Coulomb distorted n+4¢Ca formfactors

Calculated with neutron-nucleus formfactors
physics +astronomy
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Roadmap for Proof of Principle

« Separable interactions for

— neutron-proton (literature)

— neutron-nucleus — phenomenological optical potentials

— proton-nucleus — Woods-Saxon functions in r-space
 Coulomb distorted neutron-nucleus formfactor

- Coulomb wave functions in momentum space

- Integration over oscillatory singularities
 Coulomb distorted proton-nucleus formfactor

- Proton-nucleus problem needs to be solved

e OHIO

UNIVERSITY

physics +astronomy



Coulomb distorted proton-nucleus formfactor

EST construction based on:
« solve the scattering problem in complete basis
* require that for a set energies E ; the wave functions (half-

shell t-matrices) obtained with the original and separable
potential coincide.

EST construction can be performed in the

> Coulomb basis

N .
N (E) = ulfike, )75 (B) ik, |u
1,7
an ) (Fiew, [ — ugo(B)ul fik,, ) = o
N
é'}_"(Eiﬂﬂ) — (E —H¢ +'i5}_1 H¢ = HD—T,}C

Coulomb Green’s function

e OHIO

UNIVERSITY
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N (E) =Y ulfiks,)75 (B) fik, |

1,]
Multiply from left and right with a Coulomb state:

d
(Ui, H|ﬁh;—/ﬁ Py w(p) (Vi) (p) = uf (ki)

272
o d :
Fraloltis (o)) = [ T ) e () = (06 k)

However: Not a consistent EST construction.

Previous figure used n-A t-matrix calculated in a plane wave basis as input.

Wave functions obtained with original and

‘ separable potential are not the same at the
support points if calculated in different bases.

L UNIVERSITY
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‘ We need the p+A half-shell t-matrices
for a charged particle EST generalization

Non-trivial (due to “pinch singularity”)

Use approach by Elster, Liu, Thaler, JPG 19, 2123 (1993)

Solve Lippmann-Schwinger equation in Coulomb distorted basis:

I z T

_ 4k
WIm(EIR) = WIUIR + [ G

T ie{kﬂlfriﬁ)ik}

Looks like a regular LS equation if potential element

KUY = ()T & VSi@P) (k)

L

This is the hard part!

e OHIO
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K1Uik) = (@0 T &NV @F) P ')
Matrix elements exist and are well defined if VS is finite-ranged V

We solve this as:

K|\ Urtk) = f O (3| Ll Takks T (o | 7l [0 Yo' Tl 1 PRI (9)

Woods-Saxon given in
Coordinate space

e OHIO

UNIVERSITY
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Summary & Outlook

Faddeev-AGS framework in Coulomb basis passed first test!

» Momentum space nuclear form factors obtained in a Coulomb
distorted basis for high charges for the first time.
> “Oscillatory singularity” of ¥, ,“(p) at p = p, successfully

regularized.
> Algorithms to compute ¥, ,“(p) and the overlap integral

successfully implemented

INn Progress:
Calculations with separable p+A optical potentials (EST type)

Near Future:

Implementation of Faddeev-AGS equations in
the Coulomb basis to obtain (d,p) observables

physics +astronomy



TORUS: Theory of Reactions for Ustable iSotopes
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Some insights for
momentum space Coulomb wave functions:

4 | )2
Pole: ?fl)il(p) — __?TE—WT?/ZF(I _|_,in)€zafg [(p _I_p ) ]

L 4ppa

' 1o () — 1+ Y ’
X Im e "™ (p+p +E--) 144 o (_53_3 —m; 1 —in; ¢ = (b —p )2)]
(p — pa + 10)1+m (P + Pa)

Switching point: ¢ =y ~ 0.34 n =2 2282}*9/29&

dmne” ™ pa(ppa)? [T(L+ 1 +in)l'(1/2)
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Type equation here.
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