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What Reactions are we interested In?

SHe(d,p)*He

Light nuclei

\ 140Sn(d, p)14Sn

Heavy Nuclei

Reactions: Elastic Scattering, Breakup, Transfer
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Reduce Many-Body to Few-Body Problem

physics +astronomy

Task:  |solate important degrees of freedom in a reaction
« Keep track of important channels
« Connect back to the many-body problem

Hamiltonian for effective few-body poblem:
H=Hy+ V., + VAtV

\ J
| :

np interaction Optical potentials p+A and n+A

Three-Body Problem
e OHIO
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(d,p) Reactions as three-body problem

cf\@; — ef\. Deltuva and Fonseca, Phys. Rev. C79, 014606 (2009).

Elastic, breakup, rearrangement channels are included and fully coupled
(compared to e.g. CDCC calculations)

Issue: traditional Faddeev formulation does

not contain target excitations

» Especially important for reactions with exotic nuclei
» Forces between neutron (proton) and nucleus A

» Effective description with two-body optical potential

( e & )

v 1 4@ TORUS Collaboration
£ IN PROGRESS
JUeasss www.reactiontheory.org
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Theoretical Foundation :

A.M. Mukhamedzhanov, V.Eremenko and A.l. Sattarov,
Phys.Rev. C86 (2012) 034001

Generalized Faddeev formulation of (d,p) reactions with:
(a) explicit inclusion of target excitations
(b) explicit inclusion of the Coulomb interaction

Faddeev formulation — momentum space

sSuggestions:

Target excitations:
Including specific excited states — Formulation with separable interactions

Explicit inclusion of Coulomb interaction:
Formulation of Faddeev equations in Coulomb basis instead of plane
wave basis

Both need prep work! ré IN PROGRESS
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Hamiltonian:  H=H;+ V., +V,a+ V,a

Vip - NN interaction -- momentum space V

V. : Optical potential
Phenomenological optical potentials fitted to data from 2C to 208Pb
given in coordinate space and
parameterized in terms of Woods-Saxon functions

Unuct(7) =V (r) +i[W(r) + Wi(r)] + Vis(r)1- o

V(r) = =V, fuws(r, Ro, ﬂﬂj
H'Ir(?) - Htfu,s(r Ry, ) &
Ws(r) = —W,(— 4ﬂu)f (F". Ry, aw) \é
1’1{5 (?) = (VSD -+ ?:I‘I"Tso){_g)gurs ('r: RSG-_- aSD)- \é”
R L \S&
furs(?-. ':ﬂ\/] — l—I—E}{p(r—R) éb
’ d $°
furs(?"- R :] — Ef?-LS{:T R ﬂ‘) 3’
Gus(r, R.a) = f'(r, R,a)r <
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%)WWW.‘
Woods-Saxon functions have a semi-analytic Fourier
transform: (fast converging series expansion)

Central term:

Viq) = Vi Tage” "20d [RD (1 B E—Eﬂa[)q) cos (qRy) — mag (1 n E—Ewau@) sin (QRD)]
™ | ¢ (1 — e=2raoa)’
Rp
5 — o 1 2e @0
—age o —— —
! (1+ a3q?)? (4+agq2)2] }

[ (ﬂ"{lw (1+ E_EM“'Q) ——-(1- e_gmu'q) ) cos(qRy) + Ry (1 — E:_h““'q) Sin(qﬁ’w)}

— Ry faw
—I—aEe_R’“’X““'[ : 5 — de -— ] :
(1+a3q*)”  (4+a3q%)?
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Short Intro to Separable Potentials:

Hamiltonian: H = h, + v

t(E) =v+vg,(E)t(E) =v+vg(E)v

free resolvent: g,(E) =1/ (E — hy+ ig)

full resolvent: g(E)=1/(E —H +ig)
3 +
Spectrum of full resolvent: 1= ; Wp)(VUp|+ / d J\'|‘I’§c+)><‘1"£; )\

t(2) ~ v|Up)(Uplv
For E— Eg = 24+ Ep

t-matrix has pole with residue: (k0| Ug)(Vg|v|E) = hg(k)hp(K)
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Define rank-1 Separable Potential: V = v|Ug)\(Vp|v

General form of rank-1 separable t-matrix

2) = |h)7(2)(h| = o
1) =W = T O

|
With pole at: = (Vglvgo(—ER)v|¥R) = (Vp|v v[Wp) = (Vp|v|¥p)

z+ Ep

General form of rank-1 separable t-matrix (constructed with bound state wave function

v|Wp)(Wp|v
('lfgl ('L‘ — '1.?9{](:)-1.?)'1:[!B>

t(z) =

Unitary Pole Approximation (UPA)

Used many times ..
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@ Ernst-Shakin-Thaler (EST)  Phys Rev. ©8,46 (1973)

VW Eﬂ? Y (W Eﬁ;j v

Extend to scattering states and define Y —
(W) V103

(here V Hermitian !)

Then partial wave t-matrix : Reminder:
(;J"Hf-’r|1ﬂ£c;)>(IIJE:;|L”'\3J> L--"ll[;i?} = t|kg)

PItE)p) =
wIHE)P) (T — Vio(E Vv

The EST construction guarantees:

At a given scattering energy E, ¢ the scattering wave functions
obtained with the original potential V and the separable potential )

are identical . = the half-shell t-matrices are identical

5 OHIO
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/\ﬂﬁf)/ Optlcal Potentials == Complex Potentials
"¢ Generalizaton of EST necessary

L. Hlophe et al.: arXiv:1310.8334

Definition with In-state necessary to fulfill
reciprocity theorem

\.
_ |"If{+}> (,1,};}”;
— el

For time reversal operator ¢ potential must fulfill:

U I =
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Technical detalls:

Let |fl ., > be aradial wave functionand K |fl .z >=If | 1s >

'l fo e ) (g, [ulp)

Rank-1 separable t-matrix:  (/|t(E)|p) = T lut—ugo(E)ulfir.)
LkE | e

With (0" k. Ex,) = (5, lulp’)  and  t(p. ke, Ex.) = (plu|fir.)

' N t(pf:kE:-_Ek,._;) t(p,k‘-E:Ek”) gt N (E _ .
PP = T T = go B ) ) P8 B Tt b, )

and

T(E)_l — t[:kE; kE Ek_f )

2 t(p, kg, By, ]i(P ki, Bk, ) t(p, ke, Bk, )t(p, ke, Bk, )
+2u [ﬁ’fdp 2 —p —’P/ K2 p2

+aTmH {kﬂt{kﬂ: kg. E;L-,__::]ﬁ(kqj, kg, Ekﬂ] — kg t(kﬁ;, kg. E;“__:}t(kg, ke, Ekb}} :
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Generalization to arbitrary rank
U= Z ulfikg, ) Sk, M| ke ) (Flk g, (U
]

with Oif = Z(fa,kﬁi |ﬂ'f|f;:k;.;j><fﬁkf.;j |H|fz,k,._:k} — Z(f;f;mi |’“|fz,kﬁj }(fz,kﬂj |J'"l'f|f1f;f,._;k>

J |

t-matrix t(E) = Z Ul fi,kp, )Tij (E}(fﬂ;f,._;j |u

i,]
Z Tij (E) (ﬁ:;f,._;j u — “QD(E)HUIJW.;,‘:) = 0;x
j \ 1
|

Compute and solve system of linear

equations
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n+4Ca: 1=4,j=9/2 s-matrix elements
| | T 171 T 1T T T 1 T T [T T T T1 | [ T T T [ F o] =T A T I_
1; — exact :
- e rank4|
< 05F --- rank 3| 7
W\ & ]
¢ o ;
-0.5F S L TV

of :
02T -
% : -
S -04F c
0.6 . : -
_0 8:||| ||| 1 1 1 ||| |||\|‘-|.T"|"’|_.1-Ii’|'| ||| | 1 |||| || L1 1 ||| 1 1 1 ||| ||:
%0 5 10 15 20 25 30 35 40 45 50
EC..”?. LMEW
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n +48Ca: higher partial waves

I;I | T T | | I-I [ | I_-I-‘I I |-"|-‘|h| I- _III_I‘l_II.“I'_Il IIII_IFIILI‘IA_IIIILII-I‘I I | [ I_f
- s D e - L sk
0.9F E
C‘f 0.8F exact: /=8, j=17/2 L
=< 0.7F e rank2: =8, j=17/2 T
0.6 rank 1: /= 8,j=17/2 .
0.5F -
:I | | | I | [ | [ | | | | | | I | | I | | ek I ) | I |:
:I T 1 | 1T 11 I | Tiwmel™ wel™ | l | I | 1T 11 | 1T 1T | 1T 171 | T |:
0.4F .—.- exact: /= ]0,]2 21/2 £
" o rank1: /=10, =212 S
7O U e =
£ 02F 5
0.1F ek
n a1 A" |
OI:.I | | I.I 1 | [ | ] | 1 1 ]-_Illlrl.‘lj_lll.vl_l | I..I_'I-I | I | | L 11 1 | L1 1 I_:
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Very smooth s-matrix elements > low rank separable sufficient

i
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Guideline for Rank of Separable

Representation
system |partial wave(s) [rank|EST support point(s) [MeV]
[ =10 1 40
n+*Ca 1>8 2 29, 47
[>6 3 16, 36, 47
1>0 4 6, 15, 36, 47
[ > 16 1 40
n+'%*Sn [>13 2 35, 48
and [ =11 3 24, 39, 48
n+2"Pb [>6 4 11, 21, 36, 45
>0 5 5,11,21,36,47
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|I=0 s-matrix elements:

I% | [ [ | [ [ | | | [ — — exac-t, n+4BCa | |
132
=== exact n+ " Sn
208
— exact,n+ Pb

48 _

rank 5, n+ Ca |

| | | | | | | | | | | | | | | | | L k-5 +1328 |
F ko % ] & & & o 1 & & & & ] % d rank-o2, n n —

rank 5, n+mBPb

0.5
T 0
-0.5 e
| | | | | | | | | | | | | | | | | | | | | | | :
0 10 20 30 40 50
EL".”?. LM@W
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Comparison with r-space calculation:
n++Ca @ 12 MeV

10’ =
e - = Hlophe
_-'_:,:":1 | . |
2 FRESCO
o 10°E
=
R
o)
= N
o 1§k
ﬂ 1 1 1 1 1 1 1 1 1 | 1 1 1 1 1 1 1 1 1 | 1 1 1 1 1 1 1 1 1 | 1 1 1 1 1
10 g 50 100 150

6__ [deg]
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TP R TR T AT T . . R T
Off-Shell t-matrix elements: t, (k’,k; E,)

Exact Im Ty(kk E, ) [fm?]: j=1+1/2, 1=6, E, =13.7 MeV
Exact Re Ti(kk,Ey ) [fm?]: j=1+1/2, 16, E\ =13.7 MeV
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Off-shell t-matrix elements t, (k’,k;E,,) =0
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n+208Pp at 21 MeV
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Separable Representation of
n+Nucleus Optical Potentials

Method of Ernst-Shakin-Thaler
* |n momentum space

Generalized to non-Hermitian potentials

« Universal Rank-5 representation: 12C to 208Pb

* Allows to use all phenomenological Woods-Saxon
based optical potentials in momentum-space

« Excellent representation of s-matrices and cross
sections in the energy regime 10-50 MeV

« EST projects out high-momentum off-shell components.

e OHIO
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Separable Potentials
for p+Nucleus Scattering

First step: separate potential W = VC+V/s

into long-range point Coulomb potential V¢

and short-range piece V*=V" 4 (V4 —-v*)
J

|
Short-range Coulomb contribution

.2 1
(VL V() = aZpZe [ ; (3 - %) - i.]

Fourier transform: 2R Rg)
(Ved — Ve (. q) = Charged sphere with radius R,
B e ZpZy 1

(kRo)? + 3k Ry cos(kRg) — 3sin(kRy)|
S AVA
2072

PthICS"'aStronomq M. Rodriguez-Gallardo. et al. PRC 78, 034602 (2008) il

it

k>0 (V'=V)(d.q)— -
OHIO
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Separation of Contributions:
T =1T°+ Qv

In partial wave form:

(ko|Ti(E)| ko) = (ko| T (E)|ko) + (057 (ko) |V*[0; ™ (ko))
with (D7) (ko)| = X1 B (B (k)

(ko|Ti(E) ko) = (ko| Tf (E)|ko) + 27BN (@) (ko) | V|07 (ko))

Full scattering state in Coulomb basis

Multiply with

(@5 ()| V'* (07 (ko)) = |07 (ko)) + Ge( E)VE| U7 (ko))

Channel resolvent: ge(F) = (E — H® + ie) !

He = Hy+ Ve

e OHIO
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Elster, Liu, Thaler

LS equation for matrix elements Phys. G 19, 2123 (1993)

(@) (hio) [V W5 (Bg)) = (05 (o) [VE| D5 (o)) + (D5 (o) |V e BY V05D (B

define (D] o(+) (K")|V \‘I)CH} k) = (K |u|k)
(B (ko) |V U7 (ko)) = (K ||k

LS equation: .
Ak dk!

EF—-EF + 3“<

(Mimlko) = (klulko) + [ (k) k')

Following the EST scheme in the Coulomb basis (rank-1)

| 1
t(E) = |hi)7(E){hg| 7(E) = L\ (hdg(ﬂ )|h-;;>]

,\ , (i DE(K)) (D (k) |
helat (B) ) = | a g
(el g™ (E) | ) R

Similar suggestion by Cattapan, Pisent, Vanzani, NPA 241, 204 (1975)
/.\
physics +astronomy o
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. _ w| U (ko)W (T () |
For generalized EST scheme: U= <|Jf(—)(;;;)|>-afl'~m+}((;fn))|> |

Separable t-matrix in Coulomb basis

@ ()< (p)) = TP (T [0 (p)
(1If§c;) (p)|u— ugc(E)ur'Ifg:;})

(tIJC(p)h.a\lIJg}) are Coulomb distorted form factors

U u| B2(p) ) (D€ (p) |ul )

2
N L 7
E o —I— (e

and e.g. (‘IJE;}|'u-g,;-.(E)-u-|‘~IJ'§:;}) = /d}}j}2<

Matrix elements:

(W4 u| < (p)) = / dp"p"?t(p" kg E)®°(p") = t°(p. kg: Eg,,)

Then all calculations of the separable t-matrix
should be the same

5 OHIO
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Im(u) [fm"]

t® (p,kqy,Eyo) for

j=1-1/2
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Re(u") [fm’]

2

C

Im(u™) [fm7]

g
=]
h

]

0.05

-0.05

-0.1

Re(u) [fm’]

t (p,ko,E,p) for 12C
j=1-1/2




Re(u) [['mz|

-0.1

t (p,ky,Ey) for 48Ca

j=1-1/2

0.05

2
I

Im(u) [fm

t¢ (p,ko,E.o) for #Ca

j=1-1/2
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Re(uc) [ [“mz|

[m(uc) [[‘mz|

=}

-0.05

0.05

=

-0.05

R N i et h R ———————————————




Re(u) [’t‘mz]

Im(u) [ ["1112]

t (p,ko,E.) for 298Pb
j=1+1/2

t¢ (p,kg,E, o) fOr 2%8Pb

j=14+1/2
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Calculation of Coulomb distorted form factors
(half-shell t-matrices):

Lengthy and another talk !

Soon to come:

Check if the p+nucleus calculations work

Not necessary for (d,p) reactions,
But nice if they do
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Roadmap:
(d,p) Reactions as 3-Body Problem applicable for heavy

(and light) nuclei

@ Formulation of Faddeev equations in Coulomb basis (no screening):
A.M. Mukhamedzanov, V. Eremenko, A.l. Sattarov (PRC 86 (2012) 034001)

@ Construction of separable optical potentials (n+12C,48Ca, 132Sn, 208Pp) :
L. Hlophe (Ohio U) and TORUS collaboration (manuscript ready)

Formulation of practical implementation of Coulomb distorted nuclear matrix
elements with Yamaguchi test potential :
N. Uphadyay (MSU / LSU) and TORUS collaboration

& Numerical implementation with realistic separable nuclear potential :
V. Eremenko (OU) and TORUS collaboration

. :5 HUMUHT 5KMY
Then ... \@ *?T""’ﬁ_-
o
i | ‘r ;
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TORUS: Theory of Reactions for Unstable iSotopes

. . Om(‘e of Nuclear Ph &
A Topical Collaboration for Nuclear Theory G
http://www.reactiontheory.org/ o
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