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Preliminaries: the Cesàro operator on `p

The Cesàro operator on `p

In 1915 Hardy proved:

∞∑
n=0

|an|2 <∞ =⇒
∞∑

n=0

∣∣∣ 1
n + 1

n∑
k=0

ak

∣∣∣2 <∞.
In 1920 he extended the result for 1 < p <∞:

∞∑
n=0

∣∣∣ 1
n + 1

n∑
k=0

ak

∣∣∣p ≤ ( p
p − 1

)p ∞∑
n=0

|an|p.

This is the boundedness `p → `p of the Cesáro operator C acting on
sequences:

a = (an)
∞
0 7−→ C(a) :=

( 1
n + 1

n∑
k=0

ak

)∞
n=0

.
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Preliminaries: the Cesàro operator on `p

Extension I

The Cesáro operator C : CN → CN is a Frechét space isomorphism.

The largest sequence space to which C can be extended, still with
values in `p, is:

[ C, `p] :=
{

a = (an)
∞
0 ∈ CN : C(a) =

( 1
n + 1

n∑
k=0

ak

)∞
n=0
∈ `p

}
,

which is a Banach space for the norm

‖a‖[ C,`p] := ‖ C(a)‖`p =

( ∞∑
n=0

∣∣∣ 1
n + 1

n∑
k=0

ak

∣∣∣p)1/p

.

[ C, `p] = C−1(`p) is isomorphically isometric to `p via C, but

`p ( [ C, `p].
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Preliminaries: the Cesàro operator on `p

Extension II

A special subspace is the solid core (for the coordinate-wise order) of
[ C, `p]:

cesp :=

{
(an) :

( 1
n + 1

n∑
k=0

|ak |
)∞

n=0
∈ `p

}
,1 < p <∞,

which is a Banach space for the norm

‖a‖cesp := ‖ C(|a|)‖`p =

( ∞∑
n=0

( 1
n + 1

n∑
k=0

|ak |
)p
)1/p

.

Properties:
`p ( cesp ( [ C, `p].
cesp contains sequences with arbitrarily large terms.
Control on the partial sums of a ∈ cesp:

lim
n→∞

(n + 1)−1/p
n∑

k=0

|ak | = 0.
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Preliminaries: the Cesàro operator on `p

The space cesp

The dual of cesp (Jagers, 1974). Isomorphic identification,
1/p + 1/q = 1:

ces′p = d(q) :=
{

b = (bn) : (b̃n) ∈ `q
}
, for b̃n := sup

k≥n
|bk |,

and norm ‖b‖d(q) := ‖b̃‖`q . (b̃ is the least decreasing majorant.)

Identification of C(cesp) for C : cesp → `p:

C(cesp) =
〈
(an) ∈ `p : an ≥ 0, (an(n + 1)) increasing

〉
.
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Preliminaries: the Cesàro operator on `p

The space cesp

A “striking property” of the Cesàro operator on cesp:

Theorem (G. Bennett, Factorizing the Classical Inequalities, Memoirs AMS,
1996)

a ∈ cesp ⇐⇒ C(|a|) ∈ cesp.

Recently it has been shown that for many other sequence spaces X it
holds that

C C(|a|) ∈ X⇒ C(|a|) ∈ X.
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The Cesàro operator on Hp(D): Extensions

The Cesàro operator on Hardy spaces

RECALL: the Cesáro operator acting on analytic functions:

f (z) =
∞∑

n=0

anzn 7−→ C(f )(z) :=
∞∑

n=0

( 1
n + 1

n∑
k=0

ak

)
zn

a Frechét space isomorphism C : H(D)→ H(D).

Theorem
For 1 ≤ p <∞, the Cesàro operator C is bounded

C : Hp(D) −→ Hp(D).
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The Cesàro operator on Hp(D): Extensions

Extensions

X(D) a Banach space of analytic functions (BSAF) such that:

Hp(D) $ X(D),

C : X(D)→ Hp(D) continuously.

We define the optimal domain for C with values in Hp(D):

[ C,Hp] :=
{

f ∈ H(D) : C(f ) ∈ Hp(D)
}
.

It is a Banach space for the norm:

‖f‖[ C,Hp] := ‖ C(f )‖Hp(D).
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The Cesàro operator on Hp(D): Extensions

Optimal extension of C

Theorem

Let 1 ≤ p <∞ and X(D) a BSAF. Then, TFAE:

(a) C : X(D)→ Hp(D) continuously.

(b) X(D) ⊂ [ C,Hp].

Consequently, the optimal (BSAF) extension of the Cesàro operator is

C : [ C,Hp] −→ Hp(D) (optimally).
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Solid extension of the Cesàro operator on H2(D)

Solid BSAFs

Let f ∈ H2(D) and g ∈ H(D):

(a) If |g(z)| ≤ |f (z)| for z ∈ D, then g ∈ H2(D).

(b) If |ĝ(n)| ≤ |̂f (n)| for n ≥ 0, then g ∈ H2(D) .

Let f ∈ [ C,H2] and g ∈ H(D):

(a) If |g(z)| ≤ |f (z)| for z ∈ D, then g ∈ [ C,H2],

since f ∈ [ C,H2] ⇐⇒
∫ 2π

0

∫ 1

0

|f (reiθ)|2

|1− reiθ|2 (1− r) drdθ <∞.

(b) However, since
∑∞

0 anzn ∈ [ C,H2] ⇐⇒ ( 1
n+1

∑n
k=0 ak ) ∈ `2:

1
1 + z

=
∞∑

n=0

(−1)nzn ∈ [ C,H2] but
1

1− z
=

∞∑
n=0

zn 6∈ [ C,H2].
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Solid extension of the Cesàro operator on H2(D)

Solid extension of the Cesàro operator

A BSAF X(D) is solid for the coefficient-wise order if

∞∑
n=0

anzn ∈ X(D) & |bn| ≤ |an| =⇒
∞∑

n=0

bnzn ∈ X(D).

Examples:

H2(D) is solid (since `2 is solid).

The optimal domain [ C,H2] is not solid.

The smallest solid space containing H∞(D) is H2(D)
(Kisliakov, 1981).
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Solid extension of the Cesàro operator on H2(D)

The optimal solid domain

The largest solid BSAF to which the Cesàro operator

C : H2(D) −→ H2(D)

can be extended –still with values in H2(D)–
is the optimal solid domain

H(ces2) :=

{ ∞∑
n=0

anzn ∈ H(D) : (an) ∈ ces2

}
,

where

ces2 :=

{
(an) :

( 1
n + 1

n∑
k=0

|ak |
)∞

n=0
∈ `2

}
.

A BSAF for the norm:

‖f‖H(ces2) = ‖a‖ces2 =

( ∞∑
n=0

( 1
n + 1

n∑
k=0

|ak |
)2
)1/2

.
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Solid extension of the Cesàro operator on H2(D)

Functions in H(ces2)

Theorem

A function f ∈ H(ces2) if and only it is a (complex) linear combination of
functions of the form

(1− z)
∞∑

n=0

anzn,

where (an) is non-negative, increasing, with
(

an

n + 1

)
∈ `2.

Proof based on identifying the range C(ces2) of the operator

C : ces2 → `2,

for which we use Bennett’s result:

a ∈ ces2 ⇐⇒ C(|a|) ∈ ces2.
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Solid extension of the Cesàro operator on H2(D)

The space H(ces2)

It is a ‘good’ space:

Point evaluations on H(ces2) are continuous (as H(ces2) ⊆ [ C,H2]
continuously).

H(ces2) is reflexive.

Polynomial are dense in H(ces2).

Functions in H(ces2) are the sum, in H(ces2), of their Taylor series.

{zn : n ≥ 0} form an unconditional, boundedly complete and shrinking
basis for H(ces2).

Guillermo P. Curbera (Univ. Sevilla) The Cesàro operator on H2(D) 14.06.2013 19 / 35



Solid extension of the Cesàro operator on H2(D)

The stability of H(ces2)

Consider C : H(ces2)→ H(ces2) rather than C : H2(D)→ H2(D).

Look for the optimal solid extension domain.

Theorem

The largest solid BSAF which C maps continuously into H(ces2) is H(ces2)
itself.

Even though the target space H(ces2) is substantially larger than H2(D),
it turns out that no further solid extension occurs.

Proof based (again!) on Bennett’s result:

a ∈ ces2 ⇐⇒ C(|a|) ∈ ces2.
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Multipliers and Spectra

Multipliers

A function ϕ ∈ H(D) is a multiplier on a BSAF X(D) if

f ∈ X(D) 7−→ Mϕ(f ) := ϕ·f ∈ X(D) boundedly.

DenoteM(X(D)) for the space of multipliers.

Examples:
M(`p) = `∞:

(xn) ∈ `p 7−→ (ϕn·xn) ∈ `p ⇐⇒ (ϕn) ∈ `∞.

M(cesp) = `∞:

(xn) ∈ cesp 7−→ (ϕn·xn) ∈ cesp ⇐⇒ (ϕn) ∈ `∞.

M(Hp(D)) = H∞(D):

f ∈ Hp(D) 7−→ ϕ·f ∈ Hp(D) ⇐⇒ ϕ ∈ H∞(D).
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Multipliers and Spectra

Multipliers for optimal domains I

Theorem

Let 1 ≤ p <∞. Given ϕ ∈ H(D), the multiplication operator

f ∈ [ C,Hp] 7−→ ϕ·f ∈ [ C,Hp]

is bounded if and only if

ϕ ∈ H∞(D) with ‖Mϕ‖op = ‖ϕ‖∞.

That is,M([ C,Hp]) = H∞(D).

Proof: The growth characterization of functions in [ C,Hp] applied to ϕn,
assuming ‖Mϕ‖op = 1.
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Multipliers and Spectra

Multipliers for optimal domains II

Theorem

Given ϕ ∈ H(D), the multiplication operator

f ∈ H(ces2) 7−→ ϕ·f ∈ H(ces2)

is bounded if and only if

ϕ(z) =
∞∑

n=0

bnzn, with ‖Mϕ‖op =
∞∑

n=0

|bn| <∞.

The proof is done via convolution of sequences in ces2.

Guillermo P. Curbera (Univ. Sevilla) The Cesàro operator on H2(D) 14.06.2013 24 / 35



Multipliers and Spectra

Idea of the proof

Multiplication of functions in H(D) corresponds to convolution of their
sequences of Taylor coefficients:

( ∞∑
n=0

anzn
)( ∞∑

m=0

bmzm
)
=
∞∑

k=0

( k∑
j=0

ajbk−j

)
zk .

Thus, ϕ(z) =
∑∞

0 bnzn ∈M(H(ces2)) when b = (bn)
∞
0 defines a bounded

convolution operator Tb on ces2:

ces2 3 a = (an)
∞
0 7−→ Tb(a) := a ∗ b =

( k∑
j=0

ajbk−j

)∞
k=0
∈ ces2.

‖Mϕ‖op = ‖Tb‖op due to the isometric isomorphism H(ces2) ≡ ces2.
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Multipliers and Spectra

Idea of the proof

Theorem

Let 1 < p <∞. Given b = (bn)
∞
0 , the associated convolution operator on

sequences

a = (an)
∞
0 7−→ Tb(a) := a ∗ b =

( k∑
j=0

ajbk−j

)∞
k=0

,

is bounded Tb : cesp → cesp if and only if

b ∈ `1, and in this case ‖Tb‖cesp→cesp = ‖b‖`1 .

The multipliers for H(ces2) are a solid BSAF.

This is not so for the multipliers of H2(D) and [ C,H2] (which is H∞).
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Multipliers and Spectra

Spectra

A classical result:

Theorem (Brown, Halmos, Shields, 1965)

Consider the Cesàro operator C : `2 → `2. Then, ‖ C‖ = 2, and the spectrum
is

σ( C, `2) =
{

z ∈ C : |z − 1| ≤ 1
}
.

Theorem (Hardy, 1925; Rhoades, 1971)

Consider the Cesàro operator C : `p → `p. Then, ‖ C‖`p→`p = p
p−1 , and the

spectrum is

σ( C, `p) =
{

z ∈ C :
∣∣∣z − p

2(p − 1)

∣∣∣ ≤ p
2(p − 1)

}
.
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Multipliers and Spectra

Spectra

Theorem (Siskakis, 1987)

Consider the Cesàro operator C : Hp(D)→ Hp(D). Then, the spectrum is

σ( C,Hp) =
{

z ∈ C :
∣∣∣z − p

2

∣∣∣ ≤ p
2

}
,

and

(a) For 2 ≤ p <∞, we have ‖ C‖Hp→Hp = p.

(b) For 1 ≤ p < 2, we have p ≤ ‖C‖Hp→Hp ≤ 2.

The proof uses semigroups of weighted composition operators on Hp(D).
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Multipliers and Spectra

The case of H(ces2)

Theorem

Consider the Cesàro operator C : H(ces2)→ H(ces2). Then, the spectrum is

σ( C,H(ces2)) =
{

z ∈ C : |1− z| ≤ 1
}
,

and ‖ C‖H(ces2)→H(ces2) = 2.

Theorem
Let 1 < p <∞. Consider the Cesàro operator C : cesp → cesp. Then, the
spectrum is

σ( C, cesp) =
{

z ∈ C :
∣∣∣z − p

2(p − 1)

∣∣∣ ≤ p
2(p − 1)

}
,

and ‖ C‖cesp→cesp = p
p−1 .
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Multipliers and Spectra

Proof for p = 2

By studying the adjoint operator C′ : ces′2 → ces′2 we deduce

‖C‖ces2→ces2 = 2.

U =
{

z ∈ C : |1− z| ≤ 1
}
⊆ σ( C) ⊂

{
z : |z| ≤ 2

}
.

We write: ( C − λI)−1 = Dλ − 1
λ2 Eλ .

Dλ is a diagonal operator:

|dnn| =
∣∣∣ n + 1
1− (n + 1)λ

∣∣∣ ≤ 1
dist(λ,U)

.

For λ 6∈ U we have Dλ : ces2 → ces2 bounded.

Guillermo P. Curbera (Univ. Sevilla) The Cesàro operator on H2(D) 14.06.2013 30 / 35



Multipliers and Spectra

Proof for p = 2

Recall: ( C − λI)−1 = Dλ − 1
λ2 Eλ .

Eλ = (enm) is a lower triangular matrix:

enm =
1

(n + 1)
∏n

k=m(1−
1

(k+1)λ )
, 0 ≤ m < n.

For <(λ) ≤ 0 we have:

|enm| ≤
1

n + 1
.

Thus, |Eλ| ≤ C, and so Eλ : ces2 → ces2 is bounded.
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Multipliers and Spectra

Proof for p = 2

The remaining region for λ can be written as:{
z : |z| ≤ 2

}
∩
( ⋃

0<α< 1
2

{
z : <

(1
z

)
= α

})
.

where <( 1
z ) = α is a circle centered at ( 1

2α ,0) with radius 1
2α .
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Multipliers and Spectra

Proof for p = 2

Then, for a ∈ ces2:∣∣∣(Eλ(a))n

∣∣∣ = ∣∣∣∣∣ 1
n + 1

n−1∑
m=0

am∏n
k=m(1−

1
(k+1)λ )

∣∣∣∣∣ ≤ (E 1
α
(|a|)

)
n.

Consequently:
1
α
> 2 =⇒ E 1

α
bounded on ces2 =⇒ Eλ bounded on ces2.
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A note on the case p 6= 2

The case p 6= 2. Functions

For a BSAF X(D):

X(D)s the solid core of X(D).
X(D)uc the unconditionally converging Taylor series.
X(D)s = X(D)uc .

For 1 < p ≤ 2 and 1
p + 1

q = 1:

H([ C, `p]) ⊂ [ C,Hq] ⊂ [ C,Hp] ⊂ H([ C, `q])⋃ ⋃ ⋃ ⋃
H(cesp) ⊂ [ C,Hq]s ⊂ [ C,Hp]s ⊂ H(cesq)

For p = 2 we have H([ C, `2]) = [ C,H2] and [ C,H2]s = H(ces2).
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A note on the case p 6= 2

The case p 6= 2. Coefficients

For 1 < r <∞, let:
N r =

{
(an) : |a| ≤ f̂ , for some f ∈ Hr (D)

}
.

Br =
{
(an) : a = f̂ , for some f ∈ [ C,Hr ]uc

}
.

Kr =
{
(an) : C(|a|) ≤ f̂ , for some f ∈ Hr (D)

}
.

For 1 < p ≤ 2 and 1
p + 1

q = 1:

`p ⊂ Nq ⊂ Np ⊂ `q

⋂ ⋂ ⋂ ⋂
cesp ⊂ Bq ⊂ Kq ⊂ Bp ⊂ Kp ⊂ cesq

For p = 2 we have `2 = N2 and ces2 = B2 = K2.

The study of Np is related to the upper majorant property in Lp(T) of
Hardy and Littlewood.
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A note on the case p 6= 2

References

• Extensions of the classical Cesàro operator on Hardy spaces,
Mathematica Scandinavica, 2011.

• Spectrum of the Cesàro operator on `p,
Archiv der Mathematik, 2013.

• A feature of averaging,
Integral Equations and Operator Theory, 2013.

• Solid extensions of the Cesàro operator on the Hardy space H2(D),
Journal of Mathematical Analysis and Applications, 2013 (online).

• Solid extensions of the Cesàro operator on `p and c0,
Preprint.

• Solid extensions of the Cesàro operator on Hp(D) for p 6= 2,
In preparation.

Guillermo P. Curbera (Univ. Sevilla) The Cesàro operator on H2(D) 14.06.2013 37 / 35



Thank you
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