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The Cesaro operator on /P

@ In 1915 Hardy proved:

oo oo 1 n 2
HE_:O|an|2<oo=>n§_:o‘n+ Zak‘ < 00.

1
k=0

In 1920 he extended the result for 1 < p < oc:

S Sal < (L) S
n+1k:0 = p—1 n=0 "

n=0

@ This is the boundedness /P — ¢P of the Cesaro operator C acting on
sequences:

a=(an) —s C(a) = (nl > ak):io.
k=0
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Extension |

@ The Cesaro operator C: CY — C" is a Frechét space isomorphism.

@ The largest sequence space to which C can be extended, still with
values in /P, is:

n

[C,0P] = {a: (an)5 e CV: C(a) = (%Za;{):io € é”},

k=0

which is a Banach space for the norm

1/p
||a||[czp]—|C(a||zp=(2‘n+1 \) .

@ [C,/P] = ¢ '(¢P) is isomorphically isometric to P via C, but

P C[C, P
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_Preliminaries: the Cesaro operator on ° |
Extension I

@ A special subspace is the solid core (for the coordinate-wise order) of
[C, (P]:

1 O o0
cesp 1= {(an) : (mz |ak|)n:O € EP}J < p < oo,

k=0
which is a Banach space for the norm

e, = 100l = (32 (54 Solal)”)

n=0 k=0

@ Properties:
e (P C ces, C[C,IP.
@ ces, contains sequences with arbitrarily large terms.
e Control on the partial sums of a € ces,:

n
lim (n+1)7""Y " |a =0.
n—oo
k=0
Guillermo P. Curbera (Univ. Sevilla) The Cesaro operator on H?(ID) 14.06.2013 7135



The space ces,

@ The dual of ces, (Jagers, 1974). Isomorphic identification,
1/p+1/q=1:

ces), = d(q) = {b = (by) : (bn) € Eq}, for by := sup|bx|,
k>n

and norm ||b|¢(q) := ||b|les. (b is the least decreasing majorant.)

@ |dentification of C(ces,) for C: cesp, — (P:

C(cesp) = <(a,,) eP:ap>0,(an(n+1)) increasing>.

Guillermo P. Curbera (Univ. Sevilla) The Cesaro operator on H?(ID) 14.06.2013 8/35



The space ces,

@ A “striking property” of the Cesaro operator on cesp:

Theorem (G. Bennett, Factorizing the Classical Inequalities, Memoirs AMS,
1996)

acces, < C(la|) € cesp.

@ Recently it has been shown that for many other sequence spaces X it
holds that
CC(la)) e X= C(]a)) e X.
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The Cesaro operator on #P(DD): Extensions

The Cesaro operator on Hardy spaces

@ RECALL: the Cesaro operator acting on analytic functions:

Zanz — C(f i<n+1z )z”

n=0 n=0 k=0

a Frechét space isomorphism C: H(D) — H(D).

Theorem
For1 < p < oo, the Cesaro operator C is bounded

C: HP(D) — HP(D).
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The Cesaro operator on #P(DD): Extensions

Extensions

@ X(D) a Banach space of analytic functions (BSAF) such that:
e HP(D) ; X(D),
e C:X(D) — HP(D) continuously.

@ We define the optimal domain for C with values in HP(D):

[C.HP] = {f € H(D): C(f) € HP(D)}.

It is a Banach space for the norm:

Il 2y = 1C(O)llaer)-
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The Cesaro operator on #P(DD): Extensions

Optimal extension of C

Theorem
Let1 < p < oo and X(D) a BSAF. Then, TFAE:

(a) C:X(D) — HP(D) continuously.

(b) X(D) C [C,HP].

Consequently, the optimal (BSAF) extension of the Cesaro operator is

C:[C,HP] — HP(D) (optimally).
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Solid BSAFs

@ Let f € H?(D) and g € H(D):
(@) If]|g(2)| < |f(2)| for z € D, then g € H*(D).

) 1f1g(n)| < |#(n)| for n > 0, then g € H?(D) .

@ Letfec[C,H?]and g € H(D):
(a) If|g(2)| < |f(z)| for z € D, then g € [C, H?],

1 |f(re/9)|2

since f € [C, H?] — / e'9|2(1 r)drdf < oo.

(b) However, since Y ¢° anz" € [C, H?] <= (517 Yon_o a) € £

1 _oo_ n_n 2 1 _OO n 2
1+z_nz:;( 1)"2" e [¢, 4] but —172—;:;2 ¢[C.H].
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Solid extension of the Cesaro operator

@ A BSAF X(D) is solid for the coefficient-wise order if

Y az" e X(D) & |bol <lapl =) bpz" € X(D).
n=0 n=0

@ Examples:
e H?(D) is solid (since ¢2 is solid).
e The optimal domain [C, #?] is not solid.

e The smallest solid space containing #>(D) is H2(D)
(Kisliakov, 1981).
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The optimal solid domain

@ The largest solid BSAF to which the Cesaro operator
C: H2(D) — H3(D)

can be extended —still with values in #2(D)-
is the optimal solid domain

H(cesy) : {Zanz c H(D) : (ap) € cesa},

where
ces, := {(a,, : (n+1 Z|ak|) € 62}.

A BSAF for the norm:

0o 1 n o\ 1/2
lmn = lalleos, = (3 (35 S laul) )
k=0

n=0
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Solid extension of the Cesaro operator on ‘Hz(]ﬁ‘)

Functions in H(cesy)

Theorem

A function f € H(cesy) if and only it is a (complex) linear combination of
functions of the form .
(1-2)> a2",
n=0

. o : . a
where (a,) is non-negative, increasing, with (n J: ] ) € 2.

@ Proof based on identifying the range C(ces,) of the operator

C: cesp, — (2,

for which we use Bennett’s result:

acces; < C((la]) € ces,.
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The space H(ces»)

It is a ‘good’ space:

@ Point evaluations on H(ces,) are continuous (as H(cesz) C [C, H?]
continuously).

@ 7H(ces,) is reflexive.
@ Polynomial are dense in #(ces,).
@ Functions in H(ces,) are the sum, in #(ces,), of their Taylor series.

@ {Z": n > 0} form an unconditional, boundedly complete and shrinking
basis for H(ces;).
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The stability of #(ces»)

@ Consider C: H(cesy) — H(cesy) rather than C: H?(D) — H23(D).

Look for the optimal solid extension domain.

Theorem

The largest solid BSAF which C maps continuously into H(ces.) is H(ces,)
itself.

@ Even though the target space #(ces,) is substantially larger than #2(D),
it turns out that no further solid extension occurs.

@ Proof based (again!) on Bennett's result:

accesy; < ((|a]) € cesy.
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Multipliers

@ A function ¢ € H(D) is a multiplier on a BSAF X(D) if
fe X(D) — M,(f) == ¢-f € X(D) boundedly.
Denote M (X(D)) for the space of multipliers.

@ Examples:
o M(LP) = (>

e M(cesp) = (>

(Xn) € cesp — (wn-Xn) € CESp <= (pn) € L*°.

o M(HP(D)) = H>(D):
fe HP(D) — ¢-f € HP(D) < ¢ € H>®(D).
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Multipliers for optimal domains |

Theorem
Let1 < p < co. Given ¢ € H(D), the multiplication operator

fe[C, HP] — ¢-f € [C,HP]
is bounded if and only if
@ e HX(D) with [[Myllop = llplloo-
That is, M([C, HP]) = H>(D).

Proof: The growth characterization of functions in [C, HP] applied to ¢,
assuming [[M,|/op = 1.
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Multipliers and Spectra

Multipliers for optimal domains |l

Theorem

Given ¢ € H(DD), the multiplication operator
f € H(cesp) — o-f € H(cess)

is bounded if and only if

0(2) = baz", with |[M,]op =Y |bs| < oc.
n=0 n=0

The proof is done via convolution of sequences in ces;.
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Idea of the proof

Multiplication of functions in (D) corresponds to convolution of their
sequences of Taylor coefficients:

(S a) (S ") - 3 (S 0002

k=0  j=0

Thus, p(z) = 35 baz" € M(H(cesz)) when b = (b,)5° defines a bounded
convolution operator T, on cesy:

ces; > a=(an)y — Tp(a) =axb= (Za,bk ,) € ces.
IMy]lop = || Tollop due to the isometric isomorphism #(ces;) = ces,.
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Idea of the proof

Theorem

Let1 < p < oo. Given b = (bs)5°, the associated convolution operator on
sequences

a=(a)y — Th(a) =axb= (Za,bk ,) L

is bounded Ty: ces, — cesy if and only if

be (', andin this case || Tpl|ces,—sces, = ||bll¢t-

@ The multipliers for H(ces,) are a solid BSAF.

@ This is not so for the multipliers of %#2(ID) and [C, H2] (which is H>).
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Spectra

A classical result:

Theorem (Brown, Halmos, Shields, 1965)

Consider the Cesaro operator C: (> — (2. Then, || C|| = 2, and the spectrum
is
o(C,P)={zeC:|z-1]<1}.

Theorem (Hardy, 1925; Rhoades, 1971)

Consider the Cesaro operator C: (P — (P. Then, ||C||;—e = 527, and the
spectrum is

UWJ%:{ZEC:P—ZW€1)§2w€1ﬁ.
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Multipliers and Spectra

Spectra

Theorem (Siskakis, 1987)

Consider the Cesaro operator C: HP(D) — HP(D). Then, the spectrum is

o) ={zec: |z~ 2| <8}
and

(a) For2 < p < oo, we have || C||p—wnr = P

(b) For1 <p<2,wehavep < | Clluromr <2.

The proof uses semigroups of weighted composition operators on #P(D).
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The case of H(ces»)

Theorem
Consider the Cesaro operator C: H(cesp) — H(cesz). Then, the spectrum is

o(C,H(cesz))={zeC: |1 -2z <1},

and H C‘|H(0652)—>H(ce52) =2

Theorem

Let1 < p < co. Consider the Cesaro operator C: ces, — ces,. Then, the
spectrum is

o(C,cesp) = {ze(C: ’z— 2(pp_1) < 2(pp—1)}’

and H CHcesp—wesp = p%
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Proof for p =2

@ By studying the adjoint operator C’: ces, — ces, we deduce

° HC”cesz—wesz =2.

eU={zeC:[1-2z| <1} Co(C)c{z:|z] <2}.

@ We write: (C — )\I)_1 =D, — %E)\ .

e D, is a diagonal operator:

n+1 < 1
—(n+ )Xl — dist(\, U)’

For \ ¢ U we have D, : ces, — ces, bounded.

|dnn| = 1
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Proof for p =2

Recall: |(C—A)~'=D\— LE\|.

o E, = (enm) is a lower triangular matrix:

1
GRS )R —

€nm = 0<m<n.

e For R()\) < 0 we have:

|enm| <

n+1’

Thus, |Ex\| < C, and so E,: ces, — ces, is bounded.
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Proof for p =2

The remaining region for A can be written as:
{ziz22bn( U {z:2(2)=a}).
0<a<}

where R(1) = ais a circle centered at (5, 0) with radius 5-.
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Multipliers and Spectra

Proof for p = 2

n+1ZHn ( 5 < (Ex(lal)),

m=0 Llk=m [(Z=DRN

Then, for a € cess:

(Ex(a),| =

Consequently:

1
- > 2 — E bounded on ces» — E, bounded on ces..
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The case p # 2. Functions

@ For a BSAF X(D):

o X(D)s the solid core of X(D).
e X(D), the unconditionally converging Taylor series.
(] X(D)s = X(D)uc.

@ Fori<p<2andi+1=1:

H([C,eP]) < [C,HI] C [C,HP] < H([C, 7))

U U U U

H(cesp) C [C,HIs C [C,HPls C H(cesq)

@ For p =2 we have H([C,(?]) = [C,H?] and [C, H?]s = H(ces,).
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The case p # 2. Coefficients

@ For1<r< oo,let:
o N'={(an):|al < ¥, for some f € H'(D)}.
o B,={(an):a=", forsome f € [C,H e}
o K, ={(an): C(|al) <, for some f € H'(D)}.

@ For 1 <p§2and%+%:1:
P C N9 C NP 9
N N N N
ces, CByC Ky CByC K, C cesq

@ For p =2 we have ¢ = N? and ces, = B, = K.

@ The study of NP is related to the upper majorant property in LP(T) of
Hardy and Littlewood.
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Thank you
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