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The Cesàro operator and Hardy spaces

The Cesàro operator on sequence spaces

Let: (an) ∈ `2 7−→ C(an) :=
( 1

n + 1

n∑
k=0

ak

)
∈ `2

For:

H2(D) :=
{

f (z) =
∞∑

k=0

akzk ∈ H(D) : with
∞∑

k=0

|ak |2 <∞
}

we have

f ∈ H2(D) 7−→ C(f )(z) :=
∞∑

n=0

( 1
n + 1

n∑
k=0

ak

)
zn ∈ H2(D)
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The Cesàro operator and Hardy spaces

The Hardy space H2(D)

For f (z) =
∞∑

k=0

akzk ∈ H(D), and 0 < r ≤ 1

1
2π

∫ 2π

0
|f (reiθ)|2 dr =

1
2π

∫ 2π

0

( ∞∑
k=0

ak r keikθ
)( ∞∑

n=0

anrneinθ
)

dr

=
∞∑

k=0

akak r2k

Then

H2(D) :=

{
f ∈ H(D) : with sup

0≤r<1

1
2π

∫ 2π

0
|f (reiθ)|2 dr <∞

}
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The Cesàro operator and Hardy spaces

Back in 1915
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The Cesàro operator and Hardy spaces

The Hardy spaces Hp(D)

For 1 ≤ p <∞,

Hp(D) :=

{
f ∈ H(D) : with sup

0≤r<1

1
2π

∫ 2π

0
|f (reiθ)|p dr <∞

}

Hp(D) is a Banach space for the norm

‖f‖Hp(D) := sup
0≤r<1

(
1

2π

∫ 2π

0
|f (reiθ)|p dr

)1/p

f ∈ Hp(D) has boundary values: f (eiθ) := lim
r→1−

f (reiθ)
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The Cesàro operator and Hardy spaces

The Cesàro operator on Hardy spaces

Theorem
For 1 ≤ p <∞, the Cesàro operator

C : Hp(D) −→ Hp(D)

is bounded and linear.

For 1 < p <∞, is classical (Hardy, M. Riesz)
For p = 1, by A. Siskakis, 1987.
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Extending the Cesàro operator

Extensions

X (D) a Banach space of analytic functions

(a vector subspace of H(D) which is complete for its norm)

such that

C : X (D)→ Hp(D) continuously

Hp(D) $ X (D)

Since, for 1 ≤ q < p we have

Hp(D) $ Hq(D),

Could it happen that C : Hq(D)→ Hp(D)?

The answer is: NO (Aleman & Cima, 2001)
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Extending the Cesàro operator

Weighted Hardy spaces

A weight is: ω > 0 a.e. on T with logω ∈ L1(T)

An associated outer function is: ψ ∈ H(D) with |ψ| = ω on T

For 1 ≤ p <∞,

Hp(ω) :=
{

f ∈ H(D) : f = ψ−1/p · g, for g ∈ Hp(D)
}

with the norm: ‖f‖Hp(ω) := ‖ψ1/p · f‖Hp(D)

Hp(ω) % Hp(D) ⇐⇒ ψ bounded and ψ−1 unbounded
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Extending the Cesàro operator

An extension theorem

Theorem
Let 1 ≤ p <∞, and let ω, ψ with

ψ bounded and ψ−1 unbounded

there exist distinct points a1, . . .am ∈ T \ {1} such that

ψ−1(z) = O
(

1∏m
k=1 |z − ak |p

)
, |z| → 1−.

Then C : Hp(ω)→ Hp(D) and Hp(ω) % Hp(D).
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Extending the Cesàro operator

Why?

C(f )(z) =
1
z

∫ z

0

f (ξ)
1− ξ

dξ

=
1
z

∫ z

0

ψ−1/p(ξ)g(ξ)
1− ξ

dξ

=
1
z

∫ z

0

ψ−1/p(ξ)g(ξ)
∏m

1 (ξ − ak )

(1− ξ)
∏m

1 (ξ − ak )
dξ

=
m∑

k=0

Ak

z

∫ z

0

h(ξ)g(ξ)
ak − ξ

dξ

=
m∑

k=0

Ak

ak

1
(z/ak )

∫ (z/ak )

0

h(akη)g(akη)

1− η
dη

=
m∑

k=0

Ak

ak
C
(
h(ak ·)g(ak ·)

)
(z/ak )
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Extending the Cesàro operator

The truth behind

Theorem
Let 1 ≤ p <∞ and ω, ψ. TFAE:

a) C : Hp(ω)→ Hp(D)

b) The function

z ∈ D 7−→
∫ z

0

ψ−1/p(ξ)

1− ξ
dξ

belongs to the space BMOA.

BMOA :=
{

f ∈ H(D) : f (eiθ) ∈ BMO(T)
}

$
⋂

1≤p<∞
Hp(D)
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The optimal domain [ C, Hp ]

The optimal domain [ C,Hp]

We define the optimal domain for C with values in Hp(D):

[ C,Hp] :=
{

f ∈ H(D) : C(f ) ∈ Hp(D)
}

It is a Banach space for the norm:

‖f‖[ C,Hp] := ‖ C(f )‖Hp(D)

Example: for p = 2, the space [ C,H2] is a Hilbert space

f (z) =
∞∑
0

anzn ∈ [ C,H2] ⇐⇒ ((n + 1)an − nan−1) ∈ `2.
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The optimal domain [ C, Hp ]

First properties of [ C,Hp]

Polynomials are dense in [ C,Hp]

Point evaluations are continuous:

f ∈ [ C,Hp] 7−→ f (z0) ∈ C

Hp(D) $ [ C,Hp] $ H(D)

[ C,Hp2 ] $ [ C,Hp1 ] whenever 1 ≤ p1 < p2 <∞.
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The optimal domain [ C, Hp ]

Functions in [ C,Hp]

[ C,Hp] is NOT invariant under automorphisms of D

z 7−→ eiθ z + a
1 + az

, a ∈ D

[ C,Hp] =
{

f ∈ H(D) : f (z) = (1− z)g′(z) for some g ∈ Hp(D)
}

There exists f ∈ [ C,Hp] without boundary values
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The optimal domain [ C, Hp ]

Functions in [ C,Hp]

Growth characterization of [ C,Hp]:

Theorem
Let 1 < p <∞, then

f ∈ [ C,Hp] ⇐⇒
∫ 2π

0

(∫ 1

0

|f (reiθ)|2

|1− reiθ|2
(1− r)dr

)p/2

dθ <∞.
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The optimal domain [ C, Hp ]

Multipliers

Recall: f ∈ Hp(D) 7−→ ϕ·f ∈ Hp(D) continuously if and only if

ϕ ∈ H∞(D) :=
{

f ∈ H(D) : f is bounded }

Theorem
Let 1 ≤ p <∞. Given ϕ ∈ H(D), the multiplication operator

f ∈ [ C,Hp] 7−→ ϕ·f ∈ [ C,Hp]

is well defined (and hence, continuous) if and only if

ϕ ∈ H∞(D)
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The optimal domain [ C, Hp ]

Further results on [ C,Hp]

For p =∞,

[ C,H∞] :=
{

f ∈ H(D) : C(f ) ∈ H∞(D)
}
% H∞(D)

Interpolation:
(
[ C,H1], [ C,H∞]

)
1− 1

p ,p
= [ C,Hp]

Multipliers: ϕ ∈ H(D) satisfies

f ∈ Hp(D) 7→ ϕ·f ∈ [ C,Hp] is continuous

if and only if

ϕ ∈ [ C,BMOA] :=
{

f ∈ H(D) : C(f ) ∈ BMOA
}
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The optimal domain [ C, Hp ]
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The optimal domain [ C, Hp ]

Thank you
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