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The Cesaro operator on sequence spaces

n

1
o Let: (a)) e®— Clan) = > a) el
(n+1 pard )
@ For:
H2(D) := {f(z) =Y az" e HD): with > Jal? < oo}
k=0 k=0
we have
[e’e] 1 n
fe HAD)— C(N(2) =Y (H 1 ak)z” e H(D)
n=0 k=0
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The Hardy space H?(DD)

o Forf(z)=> azfe H(D),and 0 < r <1
k=0

1 27r|f(re"")|2dr 1 2W<§:a rke’k")(ia r”e’”") dr
27T 0 - 27T 0 k—0 k —0 n

o0
= Y @
k=0
@ Then

2m )
H?(D) := {fe H(D) : with sup 1/ |f(re'9)|2dr<oo}
0

0<r<1 €7
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The Cesaro operator and Hardy spaces

Back in 1915

ermo P. Curbera

Sevilla)

THE MEAN VALUE OF THE MODULUS OF AN ANALYTIC
FUNCTION

By G. H. Harov.

[Read November 12th 1014, —Received December 10th, 1914, —
Recoived, in revised form, Fevraary 10th, 1915

[Farracted from the Proceedings of the London Mathemarical Saciety, Ser. 2, Vol. 14, Past £.]

1. Suppose that £(z) is an analytic function of the complex variable z,
regular for || < p, and that M(r) denotes, as usual, the maximum of
|f@) | on the circle || = r < p. Then it is known that M(-) possesses
the followiug properties

i) M) is o steadily increasing function of /;
(i) log M(r) is n convex function of log 7, so that
aris ogu,/» » log /) o
logg 1) < ol 2 Jog M () ELE T How M,

if << r<n<p

Further, when f(z) is an integral function, so that p = w, it is
known that

({ii) M) tends to infinity with (), and, unless f(z) is & polynomial,
more rapidly than any power of r.*

1t was suggested to me by Dr. H. Bohr and Prof. E. Landau, rather
more than & year ago, that the property () is possessed also by the mean
value of © fiz)| on the cirele ;2| = 7, i.c., by the function

w0 =g (1 e as.

* The theorems () and (i) are classical. Theorem (i) was dlum’u«l indepandontly by
Blumenthal (Jahresbericht der Deutschen Math,-Vereinigung, Vol. 1 %

maion Vol 53, . 547 and adamacd (Butin 4t 1 e 0ot e Franse, Vol 34,
P.186). The first statement of tho theorem was due o adunard and the Sest proof to
Blumenthal, The theorem s a corallary of one concerning the associaied radii of convergence
of a power series in two variablos, due to Fabey (Comptes Rendus, Vol. 134, p. 1190), and
Hartogs (Matk. Anualer, Vol. G2, p. 1),
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Back in 1915

THE MEAN VALUE OF THE MODULUS OF AN ANALYTIC
FUNCTION

By G. H. Harpy.

[Read November 12th 1914.—Received December 10th, 1914,—
Received, in revised form, February 10th, 1915.]

[ Extracted from the Proceedings of the London Mathematical Society, Ser. 2, Vol. 14, Part 4.}

1. Suppose that f(z) is an analytic function of the complex variable z,
regular for |z{ << p, and that M () denotes, as usual, the maximum of
| f(®) | on the circle [z | =r < p-  Then it is known that M(») possesses
the following properties :—

(i) M(r) is a steadily increasing function of r;

(ii) log M(r) is a convex function of log 7, so that

) < 108l o leg G )y o
log M () < B log M (r))4+ it log M (r,),

if D= nEgreg s p
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Back in 1915

Further, when f(r) is an integral function, so that p = e, it is
known that
(iii) A (») tends to infinity with (), and, unless f(z) is a polynomial,

more rapidly than any power of r.*

It was suggested to me by Dr. H. Bohr and Prof. E. Landau, rather
more than a year ago, that the property (i) is possessed also by the mean
value of ' f(x)| on the circle {2| =7, i.e., by the function

1 (™ . .
uo) =5 L | flre®) | db.

* The theorems (i} and (iii) are classical. Theorem (ii) was discovered independently by
Blumenthal (Jahresbericht der Deutschen Math.-Vereinigung, Vol. 16, p. 97), Faber (Math.
Annalen, Vol. 63, p. 549}, and Hadamard (Bulletin de la Soc. Math. de France, Vol. 24,
p. 186). The first statement of the theorem was due to Hadamard and the first proof to
Blumenthal. Thetheorem is a corollary of one concerning the associaicd radii of convergence
of a power series in two variables, due to Fabry (Comptes Rendus, Vol. 134, p. 1190), and
Hartogs (Math. Anualen, Vol. 62, p. 1),

1915, 4 Proceedings of the London Mathematical Society (2), 14, 269-77.
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The Hardy spaces HP(D)

@ For1 < p< ,

0<r<A 2m

2m .
HP(D) := {f € HD) : with sup 1/ [f(re)|P dr < oo}
0

@ HP(D) is a Banach space for the norm

1 2r .
f = su / f(re’)|P dr
[ HHP(]D)) ogrg1 (271' A |f(re")| )

@ f € HP(D) has boundary values: f(€") := lim f(re’)
r—1-

1/p
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The Cesaro operator and Hardy spaces

The Cesaro operator on Hardy spaces

Theorem
For1 < p < oo, the Cesaro operator
C: HP(D) — HP(D)

is bounded and linear.

@ For1 < p < o0, is classical (Hardy, M. Riesz)
@ For p =1, by A. Siskakis, 1987.
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Extensions

@ X(D) a Banach space of analytic functions

(a vector subspace of H(ID) which is complete for its norm)

such that
e C: X(D) — HP(D) continuously
e HP(D) S X(D)

@ Since, for 1 < g < pwe have
HP(D) & H(D),
Could it happen that C: HI(D) — HP(D)?

The answer is: NO (Aleman & Cima, 2001)
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Weighted Hardy spaces

@ A weightis: w > 0 a.e. on T with logw € L'(T)

An associated outer function is: ¢ € H(D) with || =won T
@ For1 < p< o,

HP(w) = {f e HD): f=y /P.g forge HP(D)}

with the norm: ||| pe(ey == [P - f|l o(m)

@ HP(w) 2 HP(D) <= 1 bounded and ¢)~' unbounded

Guillermo P. Curbera (Univ. Sevilla) Extensions of the Cesaro operator 10.06.2013 14/26



An extension theorem

Theorem
Let1 < p < o0, and let w,y with

@ 1) bounded and ¢~ unbounded

@ there exist distinct points ay, ...am € T\ {1} such that

v (2)=0 (1> .ozl =17

[Tisq 1z — axlP

Then C: HP(w) — HP(D) and HP(w) 2 HP(D).
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Why?

ch(z) = 12/2 f(g)f de

0
B / w 1/p
B l/) 1/p IT7(¢ — ax)
A IL(& a) O

B Ax zh
B kz_:oz/o ak—f .

— ax (z/ax)

= > :ﬁ C(h(ak-)9(ak-))(z/ak)

n

1-n
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The truth behind

Theorem
Let1 < p < oo andw,. TFAE:
a) C: HP(w) — HP(D)

b) The function

z =1/
ze]D'—>/ Wdé
0 _

belongs to the space BMOA.

BMOA := {feH(D):f(e"ﬂ)eBMO(T)} ¢ () H(D)

1<p<oo
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The optimal domain [C, HP]

@ We define the optimal domain for C with values in HP(ID):
[C, HP] := {f € HD) : C(f) € HP(D)}
@ Itis a Banach space for the norm:
1Fllce, ey := I C(F)ll He(m)
@ Example: for p = 2, the space [C, H?] is a Hilbert space

f(z) = ianz” €[C,H*] < ((n+1)an — na,_1) € 2.
0

Guillermo P. Curbera (Univ. Sevilla) Extensions of the Cesaro operator 10.06.2013 19/26



First properties of [C, HP|

@ Polynomials are dense in [C, HP]

@ Point evaluations are continuous:

fe[C, HPl— f(zg) e C

@ HP(D) S [C,HP] S H(D)

@ [C,HP] G [C,HP'] whenever 1 < py < p2 < oc.
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Functions in [C, HP]

@ [C, HP] is NOT invariant under automorphisms of D

i0 Z+a

—, aebh
1+az

Z— €

® [C,HP] = {f € H(D) : f(z) = (1 — 2)g'(2) for some g € HP(D)}

@ There exists f € [C, HP] without boundary values
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Functions in [C, HP]

Growth characterization of [C, HP]:

Theorem
Let1 < p < oo, then

o 1 NE p/2
fe[C,H <:>/0 </0 mm—r)dr> do < .
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Multipliers

Recall: f € HP(D) — ¢-f € HP(D) continuously if and only if

¢ € H®(D) := {f € H(D) : f is bounded }

Theorem
Let1 < p < co. Given ¢ € H(D), the multiplication operator

fe[C, HPl— p-f €[C, HF
is well defined (and hence, continuous) if and only if

p € H*(D)
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Further results on [C, HP]

@ For p = o0,

[C, H®] := {f e H(D): C(f) € HOO(D)} > H®(D)

@ Interpolation: ([C, H1],[C,H°"])1 . =I[C,H"
757p

@ Multipliers: ¢ € H(DD) satisfies
f € HP(D) — ¢-f € [C, HP] is continuous
if and only if

¢ € [C, BMOA] := {f e H(D) : C(f) € BMOA}
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The optimal domain [ C, HP]

Thank you
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