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Vector measure

Let (22, %) be a measurable space and X a Banach space.
A (countably additive) vector measure is

v =X

satisfying, for any disjoint family (A;)7° of X-measurable sets, that

v (U A,-) = ZV(A,‘),
i=1

i=1

with convergence in the topology of X.
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Examples

@ For1 < p< co:

A M([0,1]) = vp(A) == xa € LP([0,1]).

@ For (ry) the Rademacher functions:

A M([0,1]) > v(A) = (/A (1) oﬁf)oo e

n=1
where
ro(t) := sign(sin(2"nt), neN.

Guillermo P. Curbera (Univ. Sevilla) L(EP, X) = K(£P, X) June 2014 6/29



The space of vector measures

@ Fix (2, X) a measurable space and X a Banach space.
The collection of all vector measures v: ¥ — X is a linear space
denoted by
ca(x, X).

@ It becomes a Banach space when endowed with the norm of the
(total) semivariation:

vl = sup {Ixv(Q) : x* € X*, x| < 1},
where
e X* is the topological dual space of X.
e x*vis the scalar measure A € ¥ — x*v(A) € R.

e |x*v|is the variation of x*v.
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The space of vector measures

@ The semivariation of v is a sub-additive set function:

Ac T — |[v|(A) :=sup {|x*V|(A) : x* € X*, ||x*|| < 1}.

@ An equivalent expression for the semivariation is

sup [[v(B)[x < [[v[I(A) <2 sup [[u(B)llx-
Bex,BCA Bex,BCA

@ Countably additive vector measures are bounded:

vecaX,X)= || < .
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The range of a vector measure

@ The range of a vector measure v: ¥ — X is
rg(v) = {V(A) Ac z} c X (itis a bounded set in X).
@ Bartle-Dunford-Schwartz (1955): rg(v) is relatively weakly
compact in X:
@ There exists p with ||v|| << p = |x5v], x; € X* (Rybakov, 1970).

@ The v-integration operator T

n n
S=3 axa— T(S):=) av(A)e€X,
i

i=1

can be extended to T: L*>°(u) — X.

@ T: L*>(n) — X is weak*-to-weak continuous.
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Measures with compact range

@ A relevant subspace of ca(X, X) is

cca(x, X) = {u € ca(x, X) : v has relatively compact range in X}.

cca(x, X) is a closed subspace of ca(x, X) for the norm of the
semivariation.

@ The situation of cca(x, X) C ca(x, X) is a question of interest:

ca(x, X) =cca(x, X) < L, X) =K<, X),

every bounded linear operator T: (> — X is compact.
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\Vectormeasures |
A result of Lech Drewnowski

Theorem (1990, 1998)

Suppose that the o-algebra ~ admits a nonzero, atomless, finite,
positive measure. TFAE:

(@) ca(x, X) D> £°°.
(b) ca(x, X) D cp.
(c) cca(x, X) O co.
(d) L£(2,X) # K(£?, X).

@ (d): There exists a bounded, linear and non-compact operator

T: 0% 5 X,
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A problem

Let X be a Banach space.
Is it true that

L2, X) =K%, X) = L{>®,X) = K>, X)?
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A definition by Hans Jarchow

@ For 1 < p < o0, denote by
Ko

the collection of all Banach spaces X satisfying

W(LP([0,1]), X) = K(LP([0,1]), X).

@ Here:

e L(Y,X) are the bounded linear operators T: Y — X.
e W(Y, X) are the weakly compact linear operators T: Y — X.
e K(Y,X) are the compact linear operators T: Y — X.

@ In general
K(Y,X) S W(Y, X) € L(Y, X).
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Some facts

@ Forp=1:
W(L', X) = K(L',X) < X s a Schur space

(compact and weakly compact subsets of X coincide).
@ For1 < p< oc:

X €K, < L(LP,X)=K(LP, X).

(due to reflexivity of LP).
@ Forp=oc:
X €K <= L, X)=K(>,X).

(since ¢ ~ L>(]0, 1]) and facts on operators).
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Results by Hans Jarchow

Theorem (1991)
(@) For1 <r < p< 2 we have

K1 S Kr S Kp CKa.

(b) For2 < g < oo we have

(c) For q = oo we have
K1 € Ks C Ko.
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Fori<r<p<2<g<x

K C Kp
-
IC‘] ICQ - ICq

N

N
N

Guillermo P. Curbera (Univ. Sevilla) L(LP, X) = K(£P, X) June 2014

17/29



A problem by Hans Jarchow

Is it true that
Ko C K €Kz, (1<p<2)?

Thatis, for1 < p <2

L(PX)=K(P, X) = L, X) =K, X)?
and

L2, X) =K(2,X) A L, X) = K>, X)?
The previous problem was

L(2,X) = K(£2, X) = L=, X) = K>, X)?

which corresponds to Ky C K.
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Solution to the previous problems

We proof the following:
For1 <p<oo

L(P,X) = K((P, X) 4 L(£=,X) = K62, X).

From where it follows that

Ko # K. (1<p<2).
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The result

Theorem (C. & Rodriguez-Piazza, 2014)

There exists a rearrangement invariant space X on [0, 1] such that, for
every p € (1,00), if

T: P 5 X

is a bounded linear operator then T is compact.

Consequences:
@ L(4P,X)=K(P, X).
@ Since X is rearrangement invariant
L>([0,1]) € X < L'([0, 1)),

together with ¢>° ~ L*°(]0, 1]) implies there exists a non-compact
operator /*° — X.
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The construction

@ Given two sequences a = (ax) and € = (gx) satisfying

@ (ex) decreases to zero.
@ gx >0forall k > 1.
1) Z;O:1 exakx = 1.

@ We define

X(e,a) = {f e L'([0,1]) : Ifllx = a /Oek () dt < oo}.

k=1
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General properties of X

The space X satisfies:

@ X is a rearrangement invariant Banach function space,

Il < fllx < [Ifloo-

@ X is separable.
@ The X-valued vector measure

Ae M([0,1]) — xae X

has non relatively compact range in X.
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Comments

@ X is a Lorentz space A(y) space, for o' = > % 4 akx[o,c]-

@ Every Lorentz space is A(¢) = X(e, a) for adequate ¢, and a:
@ ax = 2k.
e g suchthat {t € [0,1]: /() > 2K} = [0,24)].

@ Lemma 1. A property of X:

Iff, — 0 weakly in X and ||f,||x > C > 0, then, for some § > 0,

Ifallr = 0.

Proof: directly via sliding hump argument; or via the Subsequence
Splitting Property of Kadec and Petfczynski.
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A particular choice

@ The space X which proves the theorem is given by the following
choice:

o cx =exp(—e?).
o ax:=2kexp(e?).

@ Lemma 2: functions f € X satisfy:

m({t € [0,1] : |[f(1)] > )\||f|]X}) < exp(—e").
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The technical lemma

Lemma 3:

Let T: tP — X be bounded and linear operator. Suppose it
satisfies

IT(en)lla >1, n>1,

where1/p+1/g=1.
Then, there exists a constant C, > 0, a sequence (xp) C (P with
lIXnllee < 1, @and scalars A\, — oo such that:

m({t € [0,1]: |T(xa)(8)] > )\n}) > exp(—Cp)d).
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The proof

Let T: /P — X bounded linear. Suppose T is not compact.

@ There exists S: (P — X with ||S(ep)||x > 1.
@ From Lemma 1: ||S(ep)||;+ > 6. This implies ||S(en)||ra > 6.
© From Lemma 3:

m({t € [0,1] : S(xa)(1)] > A,,}) > exp(—CpAJ),

for some Cp > 0, X, € P, and \p — oo.
© From Lemma 2:

m({t € [0,1] : |S(xn)(1)] > A,,}) < exp(—e™).
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Conclusion

Theorem

There exists a rearrangement invariant space X on [0, 1] such that, for
every p € (1,00), if

T: P 5 X

is a bounded linear operator then T is compact.

Theorem

L(P, X) = K(tP, X) & L, X) = K(£2, X).
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The construction

Thank you for your attention.
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